ON THE HOM-FORM OF GROTHENDIECK'S BIRATIONAL 
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Abstract. We prove that a certain class of open homomorphisms between Galois 
groups of function fields of curves over finite fields arise from embeddings between 
the function fields. 
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§0. Introduction. 

Let K be an infinite field which is finitely generated over its prime field. Let K 
be an algebraic closure of K and K^^^ (resp. K"^^^^) the separable closure (resp. 

perfection) of K in K. Let Gk =^ Gal(-PC^'^P/K) be the absolute Galois group of K. 
(Observe Gk = G^pcrf.) The ultimate aim of Grothendieck's birational anabelian 
conjectures is to reconstruct the field structure of K from the topological group 
structure of Gk- More precisely, these conjectures can be formulated as follows. 

Birational anabelian conjectures. There exists a group-theoretic recipe in or- 
der to recover finitely generated infinite fields K (or their perfections iiT^*^''^) from 
their absolute Galois groups Gk- In particular, if for such fields K and L one has 
Gk ^Gl, then L?'^'^^ ^ i^P^''^. Moreover, given two such fields K and L one has 
the following. 

Isom-form. Every isomorphism a : Gk — ^ Gl is defined by a field isomorphism 7 : 
L ^ K, and 7 is unique (resp. unique up to Frobenius twists) if the characteristic 
is (resp. > 0). In particular, 7 induces an isomorphism L ^ K. 

Hom-form. Every open homomorphism a : Gk ^ is defined by a field em- 
bedding ^ : L ^ K, and 7 is unique (resp. unique up to Frobenius twists) if 
the characteristic is (resp. > 0). In particular, 7 induced a field embedding 

^perf i^P*5rf. 



Thus, the Hom-form is stronger than the Isom-form. The first results concerning 
these conjectures were obtained by Neukirch and Uchida in the case of global fields. 



Theorem (Neukirch, Uchida). Let K and L be global fields. Then the natural 
map 

Isom(L, K) Isom(G'K, Gl) / Inn(Gi,) 

is a bijection. 

More precisely, this is due to Neukirch and Uchida for number fields ([Neukirchl], 
[Neukirchi2] , [Uchidal]), and due to Uchida for function fields of curves over finite 
fields ([Uchida2]). Later, Pop generalized the results of Neukirch and Uchida to the 
case of finitely generated fields of higher transcendence degree ([Popl], [Pop3], see 
also [Szamuely] for a survey on Pop's results). 

In characteristic 0, Mochizuki proved the following relative version of the Horn- 
form of the birational conjectures (cf. [Mochizukil]). 

Theorem (Mochizuki). Let K and L be two finitely generated, regular extensions 
of a field k. Assume that k is a sub -p-adic field (i.e., k can be embedded in a finitely 
generated extension of Qp) for some prime number p. Then the natural map 

Romk{L,K) ^ Hom°P;°(G'K,G'L)/Inn(Ker(GL ^ Gk)) 

is a bijection. Here, Hom^ denotes the set of k-embeddings, and Hom^J^" denotes 
the set of open Gk-homomorphisms. 

However, almost nothing is known about the absolute version (i.e., not relative 
with respect to a fixed base field k) of the Hom-form, except for Uchida's result 
[Uchida3] for K = Q and [L : Q] < oo. 

One of the major obstacles in proving the Hom-form of the birational anabelian 
conjectures is that one of the main common ingredients in the proofs of Neukirch, 
Uchida, and Pop, which is the so-called local theory (or Galois characterization of 
the decomposition subgroups) and which is used in order to establish a one-to-one 
correspondence between divisorial valuations, is not available in the case of open 
homomorphisms between Galois groups. More precisely, the main result of local 
theory available so far (cf. Proposition 1.5) gives very little information on the 
image of the decomposition subgroups in this case, though one can still prove some 
partial results (cf. Proposition 2.2, Lemma 2.6, and Lemma 2.9). It seems quite 
difficult, for the moment, to establish a satisfactory local theory which is suitable 
to the Hom-form of the above conjecture. Also, the methods used in the proof 
of Mochizuki's above theorem are quite different, and do not rely on local theory. 
Instead, Mochizuki proves his result as an application of his fundamental anabelian 
result that relative open homomorphisms between arithmetic fundamental groups 
of curves over sub-p-adic fields arise from morphisms between corresponding curves, 
whose proof relies on p-adic Hodge theory. It is not clear how to use, or adapt, 
Mochizuki's method to the case of positive characteristics. 

In this paper we investigate the Hom-form of the birational anabelian conjectures 
for function fields of curves over finite fields. For z = 1, 2, let /c^ be a finite field. 
Let Xi be a proper, smooth, geometrically connected algebraic curve over ki. Let 
Ki be the function field of Xi and fix an algebraic closure Ki of Ki. Let K^^"^ 
(resp. K"^^^^) be the separable closure (resp. perfection) of Ki in K^, and ki the 

algebraic closure of ki in Ki. Write Gi ^= Gxi Gal{Kl^^ / Ki) for the absolute 
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Galois group of Ki, and G^i = Gal{ki/ki) for the absolute Galois group of ki. We 
have the following natural exact sequence of profinite groups: 

1 — >• Gi — >• Gi Gfc. — >• 1, 

where Gi is the absolute Galois group Gsl{Kl^'^ / Kiki) of -fCj^i, and pr^ is the 
canonical projection. 

—p'. 

Further, let pi be the characteristic of ki, and let Gj' be the maximal prime-to-pj 
quotient of Gi. The push-forward of the above sequence with respect to the natural 

surjection Gi ^ G^'' gives rise to the following natural exact sequence 

l^cf ^gY"^ ^Gu^^l. 

Set =^ Gi, z = 1,2 or 6^ =^ gY'\ i = 1,2, and refer to the first and the 
second cases as the profinite and the prime-to-characteristic cases, respectively. In 
this paper we investigate two classes of continuous, open homomorphisms — rigid 
homomorphisms and proper homomorphisms — between 0i and 02- 

First, we investigate a class of continuous, open homomorphisms o" : 0i ^ (^2, 
which we call rigid. More precisely, we say that cr is strictly rigid if the image of 
each decomposition subgroup of 0i coincides with a decomposition subgroup of 
02, and we say that a is rigid if there exist open subgroups S)i C (Si, f)2 C 02, 
such that a{S)i) C S)2 and that S^2 is strictly rigid. Thus, isomorphisms 

between 0iand 02 are rigid by the main result of local theory for the Isom-form. 
Let Hom(0i, 02)"^'^ be the set of rigid homomorphisms between 0i and 02. 

We say that a homomorphism ^ : K2 ^ Ki oi fields (which defines an extension 
K2/K1 of fields) is admissible, if the extension K1/K2 appears in the extensions 
of K2 corresponding to the open subgroups of 02, or, equivalently, in the profinite 
(resp. prime-to-characteristic) case, if the extension Ki/ K2 is separable (resp. if the 
extension K1/K2 is separable and the Galois closure of the extension Kiki/ K2k2 

is of degree prime to p = pi = P2). We define Hom(i^2, i^i)'''^"' C Hom(i^2,i^i) 
to be the set of admissible homomorphisms K2 ^ K^. 

Now, our first main result is the following (cf. Theorem 3.4). 

Theorem A. The natural map Hom(i^'2, Ki) — > Hom(0i, 02)/ Inn(02) induces a 
bijection 

Rom{K2, Ki)""^"" ^ Hom(0i,02)'^s/Inn(02). 

Our method to prove Theorem A is as follows. First, we prove, using a certain 
weight argument based on the Weil conjecture for curves, that a strictly rigid ho- 
momorphism (T : 01 — > 02 induces a bijection between the set of closed 
points of Xi and X2 (cf. Lemma 3.8). By using this, we can reduce the Hom-form 
in this case to the Isom-form, which has been established in [Uchida2] (profinite 
case) and [ST] (prime-to-characteristic case). 

Next, we investigate a class of continuous, open homomorphisms cr : 0i — > 
02, which we call proper. These are homomorphisms with the property that the 
image of each decomposition subgroup of 0i coincides with an open subgroup of a 
decomposition subgroup of 02, and such that each decomposition subgroup of 02 
contains images of only finitely many conjugacy classes of decomposition subgroups 
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of 01. We also consider a certain rigidity condition (called "inertia- rigidity" ) on 
the various identifications between the modules of the roots of unity (cf. Definition 
4.5). Unfortunately, we are not able to prove that this condition automatically 
holds for proper homomorphisms. Let Hom(0i, 02)'^'^'™'^'^ be the set of proper and 
inertia- rigid homomorphisms between (3i and 02- Our second main result is the 
following (cf. Theorem 4.8). 

Theorem B. The natural map Hom(K2, Ki) — > Hom((25i, 02)/ Inn((S2) induces a 
bijection 

Hom(K2, i^i)''P ^ Hom(0i, 62)P'''°"V Inn(62). 

Here, we define Hom(i^2, -^i)^®^ C Hom(K2,-^i) to be the set of separable homo- 
morphisms K2 — > Ki. 

In order to prove Theorem B, we first show, using a weight argument, that a ho- 
momorphism cr : 0i — > 02 as above induces a surjective map S^i — between 
the sets of closed points of Xi and X2, which has finite fibers (cf. Lemma 2.9). 
Second, using Kummer theory, we reconstruct in a functorial way an embedding 
K2 ^ (K^^^^)^ between multiplicative groups (cf. Lemma 4.13). Finally, we show 
that this embedding K2 > {Kf^^^)^ is additive. Recovering the additive struc- 
ture is one of the main steps in the proof. This problem was treated by Uchida 
in the case of a bijective identification K2 between multiplicative groups, 

which is order-preserving and value-preserving. In fact, one needs only to restore 
the additivity between constants. For this one has to show identities of the form 
7(/2 + 1) = 7(/2) + 1 for some specific non-constant function /2 G i^2- Uchida 
succeeded in his case by choosing /2 to be a function with a minimal pole divisor 
(He called such a function a minimal element) . His argument fails in the case of an 
embedding between multiplicative group which is not surjective, because the image 
of a minimal element is not necessarily minimal in this case. Roughly speaking, we 
extend his arguments by using, instead, a function which has a unique pole. This 
one pole argument turns out to be very efiicient, and leads to the recovery of the 
additive structure under quite general assumptions (cf. Proposition 5.3). 

Although rigid homomorphisms are a special case of proper homomorphisms, we 
choose to treat them separately for several reasons. First, the important condition 
of inertia-rigidity is automatically satisfied in the case of rigid homomorphisms 
(cf. Remark 4.9(i)). Second, in the case of (strictly) rigid homomorphisms we can 
reduce directly to the Isom-form, whose proof can be based on class field theory. 
This is not possible for proper homomorphisms, in general. In fact, in the case of 
proper homomorphisms, class field theory reconstructs only the norm map between 
the multiplicative groups of function fields. 

This paper is organized as follows. In section 1, we review well-known facts 
concerning Galois theory of function fields of curves over finite fields, including 
the main results of local theory. In section 2, we investigate some basic proper- 
ties of homomorphisms between absolute Galois groups of function fields of curves 
over finite fields, as well as homomorphisms between decomposition subgroups. 
In section 3, we investigate rigid homomorphisms between (geometrically prime- 
to-characteristic quotients of) absolute Galois groups, and prove Theorem A. In 
section 4, we investigate proper homomorphisms between (geometrically prime-to- 
characteristic quotients of) absolute Galois groups, and prove Theorem B. In section 
5, we investigate the problem of recovering the additive structure of function fields. 
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Using the above "one pole argument", we prove Proposition 5.3, which is used in 
the proof of Theorem B in section 4. 

We hope very much that this paper is a first step towards proving the Hom-form 
of Grothendieck's anabelian conjecture concerning arithmetic fundamental groups 
of hyperbolic curves over finite fields, whose Isom-form was proven by Tamagawa 
for affine curves ([Tamagawa]) and Mochizuki for proper curves ([Mochizuki4]). 
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§1. Generalities on Galois groups of function fields of curves. 

1.1. Notations on pro finite groups and fields. 

Let C be a full class of finite groups, i.e., C is closed under taking subgroups, 
quotients, finite products, and extensions. For a profinite group i7, denote by 
the maximal pro-C quotient of H. Next, given a profinite group H and its closed 

normal subgroup H we set ii'(^) = H/Ker{H H ). Note that H^^^ coincides 

with if and only if the quotient A ^= H/H is a pro-C group. By definition, we 
have the following commutative diagram: 

1 ^ H > H > A > 1 

id 

1 > if > ii'(^) > A > 1 

where the rows are exact and the columns are surjective. 

When C is the class of finite /-groups (resp. finite /'-groups, i.e., finite groups of 
order prime to /), where / is a prime number, write i?' and i/*^'-* (resp. i?' and 
H^'' )), instead of and H^^\ respectively. 

For a profinite group H, we write H^^ for the maximal abelian quotient of H; 
Sub(iy) for the set of closed subgroups of H; AvLt(H) for the group of (continuous) 
automorphisms of H: and Inn(if) for the group of inner automorphisms of H. 

For a profinite group H and a prime number /, denote by cd{H) (resp. cdi{H)) 
the cohomological (resp. /-cohomological) dimension of H. It is well-known that if 
cd{H) < oo, then H is torsion-free. 

Let K be a field, and k^^^ a separable closure of k. Denote the absolute Galois 
group Gal(K®®P/K) by We shall write 

M«sep =^Hom(Q/Z, (k^^p)^). 

Thus, M^sop is a free Z"'"-module of rank one, where we write =^ Z (resp. Z^ =^ 
ZP ), if the characteristic of is (resp. p > 0). Further, M^scp has a natural 
structure of G^-module, which is isomorphic to the "Tate twist" ^t(l), i.e., acts 
on A^^sep via the cyclotomic character Xk '■ ^ (Z''")^. 

1.2. Galois groups of local fields of positive characteristic. 
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Let p be a prime number. Let L be a local field of characteristic p, i.e., a 
complete discrete valuation field of equal characteristic p, with finite residue field 
£. We denote the ring of integers of L by Ol. Also, fix a separable closure L^^p 
of L. We shall denote the residue field of L^^^ by £, since it is an algebraic closure 
of £. Note that £ (resp. I) can also be regarded naturally as a subfield of L (resp. 
^sep-j Write D =^ Gal{L^^^ / L) for the corresponding absolute Galois group of L, 
and define the inertia group of L by 

/ =^ {7 e D I 7 acts trivially on £}. 
We have a canonical exact sequence: 

l^I^D^Gi=^ Gal{£/£) 1, 
and, for a full class C of finite groups, we get a canonical exact sequence: 

1 ^ /c ^ D(C) ^Ge^l. 

The inertia subgroup / possesses a unique p-Sylow subgroup /"^. The quotient 
jt 4|f jy/w isomorphic to Z^', and is naturally identified with the Galois group 
Gal(L*/L"^), where (resp. L""^) is the maximal tamely ramified (resp. maximal 
unramified) extension of L contained in L^^^. We have a natural exact sequence: 

where =^ Gal(LVL). (Observe that P = P' and = D(p'\) In particular, P 
has a natural structure of G^-module. Further, there exists a natural identification 
P ^ Ml of G^-modules. These follow from well-known facts in ramification theory. 
See [Serre3], Chapitre IV, for more details. 

Let I be a prime number. Denote by Di an Z-Sylow subgroup of D. Then the 

def 

intersection Ii = I H Di is an Z-Sylow subgroup of /. Thus, Ip = and, for I ^ p, 
1 1 is isomorphic to Z^. The image Gg^i of Di in is the unique Z-Sylow subgroup 
of Ge ~ Z, hence Ge,i ^ Z^. We have a canonical exact sequence: 

Ge^i ^ 1. 

In particular, Ii has a natural structure of G^^/-module, and there exists a natural 
identification Ii ^ M^j of G^^^-modules, where Mi i stands for the Z-Sylow subgroup 
of the profinite abelian group M^. 

It is well-known that cd;(D) = cd(-D;) = 2 for any prime number / 7^ p, and that 
cdp(D) = cd(Dp) = 1. Thus, cd{D) = 2 < 00. In particular, D is torsion-free. 

Proposition 1.1. LetD be a quotient ofD, 3 the image of I inD, and&i =^X)/J. 
For each prime number I, let 'Di, 3i and (di^i be the images of Di, Ii and Gi^i in D, 
3 and 0^, respectively, which is an l-Sylow subgroup ofS), 3 and respectively. 
Let I be a prime number ^ p. Then: 
(i) One of the following (0), (1), (2) and (00) occurs. 

(0) cd^S)) = 0, 2), - {1}, 3i = {1}, and (3e,i = {1}. 

(1) cdKS) ^1,^1^ Ge, 3i = {1}, and (&e,i ~ Gi. 
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(2) cd;(S)) = 2, S)/ ~ Di, J; ~ Ii, and (5i,i ~ G^. 

(oo) cdi{D) = oo, and Ji is a finite group. 

(ii) Assume that the above case (2) occurs. Let he an open subgroup ofD, L' 
the (finite, separable) extension of L corresponding to D' C 2), and D' the inverse 
image o/S)' in D. (Thus, D' = Gl'.) Then, for each finite l-primary 'S)' -module 
M and each k>0, one has H^i'D', M) ^ H^{D', M). 

Proof, (i) Since is a quotient of // ~ Z^, one of the following occurs: (a) J; = {!}, 
(b) li ~ 'Ljl'^'L for an integer m > 0, and (c) 3i In case (a), S)/ is a quotient 

of Di/Ii = Gi Zi. Thus, it is easy to see that one of (0), (1), (oo) occurs. In case 
(b), (oo) occurs. In case (c), we have ~ Gg^i. This follows from the fact that 
Ii is isomorphic to Mi ; on which G^j acts via the /-adic cyclotomic character, and 
that the /-adic cyclotomic charter xi '■ Gi^i — > Ijf is injective. Thus, it is easy to 
see that (2) occurs in this case. 

(ii) Replacing L by L', we may assume that L' = L. (Observe that case (2) occurs 
also for the quotient Gl' ~ D' ^ D' .) 

Denote by the kernel of the surjection D D. By the assumption that 
case (2) occurs, Di is injectively mapped into S3, hence Di fl A^, which is an l- 
Sylow subgroup of N, is trivial. Namely, N is of order prime to Z, hence we have 
H^{D, M) = H''{D, H^{N, M)) = H''{D, M), as desired. □ 

1.3. Galois groups of function fields of curves. 

Let A; be a finite field of characteristic p > 0. Let X be a proper, smooth, 
geometrically connected curve over k. Let K = Kx be the function field of X and 
fix an algebraic closure K of K. Write i^^*^P (resp. k = A;^^p) for the separable 

closure of K (resp. k) in K. Write G = Gk =^ Gal(K"^P/K) and Gk Gal(A;/A;) 
for the absolute Galois groups of K and /c, respectively. We have the following 
exact sequence of profinite groups: 

(1.1) i^G^G^Gk^l, 

where G is the absolute Galois group G^^^ = GaXi^K^^"^ / Kk) of Kk, and pr is the 
canonical projection. Here, it is well-known that the right term G^ is a profinite 
free group of rank 1 which is (topologically) generated by the Frobenius element, 
while the left term G is a profinite free group of countably infinite rank (cf. [Pop2] , 
[Harbatcr]). However, the structure of the extension (1.1) itself is not understood 
well. From (1.1) above, we also obtain the exact sequence: 

1 ^ ^ G^^^ ^Gk^l 

for each full class C of finite groups. 

In the rest of this section, let A?" be a closed normal subgroup of G and set 

(S =^ G/N. Let K denote the Galois extension of K corresponding to N, i.e., 

k =^ (K^^P)^. Let be the image of G in 6, and set 0^ = 0/6, which is a 
quotient of Gk- 

For a scheme T denote by the set of closed points of T. Write X for the 
integral closure of X in K^'^^ . The absolute Galois group G acts naturally on 
the set E^, and the quotient E^/G is naturally identified with Ex- For a point 
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£ e E^, with residue field k{x) (which is naturally identified with k), we define its 
decomposition group and inertia group /= by 

and 

/= = {7 G I 7 acts trivially on k{x)}, 
respectively. We have a canonical exact sequence: 

I ^ <^fc(cc) 1- 

More generally, write X for the integral closure of X in K. The Galois group 
acts naturally on the set Sj^, and the quotient is naturally identified with 

Ex- For a point 55 G E^, with residue field k{x) (which is naturally identified with 
a subfield of k), we define its decomposition group S)^ and inertia group Jx by 

='{7e© 17(5;)=^} 

and 

= {7 ^ I 7 acts trivially on /c(x)}, 
respectively. (Observe that for any (7 G C5, one has Dgx = gDig~^ and 3gx = 

g3xg~^-) Set '= '^x/'^x- Thus, if we take a point a; G E^ above 5; G E^^, 2)^, 

3x and ^k{x) are quotients of -D|, /| and Gfc(a;), respectively. We have a canonical 
exact sequence: 

1 ^ CTg ^ ^ ^ 1. 

For each closed subgroup S) C <3, denote by 5^ the image of x in Xs). Define 
Kx =^ U {K;^)x^., where Sj runs over all open subgroups of 6, and {Ksj)x^ means 

the Xf|-adic completion of Kf, = (K)^. Then the Galois group Gal{Kx/ Kx) is 

naturally identified with Ti^, where x =^5)0 G Ex- 

In the rest of this subsection, we fix a prime number / ^ p, and put the following 
two assumptions. First, N'' = AT, or, equivalently, K admits no Z-cyclic extension. 
Second, K contains a primitive Z-th roots of unity. 

Remark 1.2. Let C be a full class of finite group. 

(i) If ¥1 G C, then the quotient G'-'^-' of G satisfies the above two assumptions. 

(ii) If Fz G C and Gal{K{Q)/K) G C, then the quotient G*^ of G satisfies the above 
two assumptions. 

Lemma 1.3. Let x G E^ and take 5; G E^ above x. Let D^^ he an l-Sylow 
subgroup of and Dx,i the image of D- ^ under the natural surjection Dx, 
which is an l-Sylow subgroup ofD^- Then the natural surjection D~. ^ Dx,i is an 
isomorphism. 

def 

Proof. Take t ^ K such that t is a uniformizer at x — x^ ^ Ex- Then by the 
two assumptions (and by Kummer theory), any P-th root t-*^/'" of t is contained 

def 

in K. From this, it follows that /= ^ = ^ f] I~ is injectively mapped into 
Now, applying Proposition 1.1 (i) to the quotient Gk^ — ^$ ^ '^^ conclude 
that case (2) of loc. cit. can only occur, as desired. □ 
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Lemma 1.4. Let 0' be an open subgroup of<&, K' the (finite, separable) extension 
of K corresponding to & C 0, and G' the inverse image of 0' in G. (Thus, 
G' — Gk'-) Then, for each finite l-primary & -module M and each k>0, one has 
H''{&,M) ^ H^{G',M). 

Proof Replacing K hy K', we may assume that K' = K. (Observe that the two 

assumptions also hold for the quotient G' ^= Gk' -» 0' = G' /N.) By Lemma 1.3, 
one has cdi{N) < 1. (See [Serrel], Chapitre II, Proposition 9, which only treats the 
number field case but whose proof works as it is in our function field case.) Next, 
by the assumption that iV' = N, one has H^{N, M) = B.om{N,M) = 0. Thus, we 
have H^{G,M) = H''{(S, H^{N, M)) = H>'{(5,M), as desired. □ 

Proposition 1.5. (Galois Characterization of Decomposition Subgroups) (i) Let 
X x' be two elements of T^j^. Then 2)^ fl Dx' is of order prime to I, hence, in 

particular, is open neither in nor in Dx' . 

(ii) Let Deci(0) C Sub(6) be the set of closed subgroups D of (3 satisfying the 
following property: There exists an open subgroup Do of D such that for any open 
subgroup D' C Do, dimp, H^{D',¥i) = 1. Define DecP''(0) C Decz(6) to be the 
set of maximal elements ofDeci{(5). Then, the m,ap Ejj^ ^ Sub(0), x i— > Dx, 
induces a bisection ^ Dec™^^(S5), and, in particular, it is injective. 

Proof, (i) As in [Uchida2] , this follows from the approximation theorem (cf. [Neukirch2] , 
Lemma 8). More precisely, let Di be an /-Sylow subgroup of 2)^ nD^', and suppose 
that Di ^ 1. Since Di C Dx,i is torsion-free, Di is an infinite group. Thus, one 
may replace by any open subgroup, and assume that (i e K, that the images x 
and x' in Ex of x and x' are distinct, and that the image of in ©^.b^^^aby 
nontrivial. In particular, this implies that the natural map 



is not injective. By Kummer theory, this last condition is equivalent to saying that 
the natural map 

is not surjective. This contradicts the approximation theorem. (Note that {K^Y 
and {K^,y are open in and K^,, respectively.) 

(ii) By means of Proposition l.l(i). Lemma 1.3 and Lemma 1.4, the proof of 
[Uchida2] (which is essentially due to Neukirch, cf. [Neukirchl] and [Neukirch2]) 
works as it is. See Lemmas 1-3 of loc. cit. for more details. □ 

Remark 1.6. For other characterizations of decomposition groups (which are ap- 
plicable to much more general situations), see [Popl], Theorem 1.16, [Koenigs- 
mann] , Theorem 2, [EK] , [EN] , . . . . 

1.4- Fundamental groups of curves. 

Write / = closed subgroup of G generated by the inertia 

subgroups I- for all 5 e S^, and call it the inertia subgroup of G. Then / is 
normal in G. The quotient G/I is canonically identified with the fundamental 
group 7ri(X) of X with base point Spec(i^) X (cf. [SGA-1]). We have a natural 
exact sequence: 

1^7ri(X)^7ri(X)^Gfe^l, 
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where 7ri{X) is the fundamental group of X =^ X Xfc A; with base point Spec(K) — > 
X and pr is the canonical projection. We have the following exact sequence: 

where 7Ti{X)'^^'^°'^ is the torsion subgroup of 7ri(X)^^, and pr is the canonical projec- 
tion. Moreover, tii{X)'^^'^°'^ is a finite abelian group which is canonically isomorphic 
to the group Jx{k) of /c-rational points of the Jacobian variety Jx of X. 

More generally, write 3 (3i)jes^ for the closed subgroup of generated by 
the inertia subgroups 3$ for all 5 e E-^, and call it the inertia subgroup of <3. Then 

def 

3 is normal in (3. Set Tlx = ^/3, which is a quotient of 7ri{X). Define Ilj^ be 
the image of 7ri(X) in Tlx Then we have a natural exact sequence: 

When = G'(^) for a full class C of finite groups, we have Ux = 7ri(X)(C). In 
this case, we have the following exact sequence: 

1 ^ nj'*"'' -^uf ^Gk^i, 

where n^'^""^ is the torsion subgroup of 11^. Moreover, n^'*°^ is a finite abelian 
group which is canonically isomorphic to the maximal (pro-)C quotient Jx{k)^ of 
the finite group Jx{k). 

§2. Basic properties of homomorphisms between Galois groups. 

In this section we investigate some basic properties of homomorphisms between 
Galois groups of function fields of curves over finite fields. First, we shall investigate 
a class of homomorphisms between decomposition subgroups, which arise naturally 
from the class of homomorphisms between (quotients of) Galois groups that we will 
consider in §3 and §4. 

2.1. Homomorphisms between Galois groups of local fields of positive character- 
istics. 

For i G {1,2}, let > be a prime number. Let Lj be a complete discrete 
valuation field of equal characteristic pi, with finite residue field £i. We denote the 

ring of integers of Li by Ol.. Also, fix a separable closure L^^^ of Lj. We shall 
denote the residue field of L^'^'^ by since it is an algebraic closure of ii. Note that 
£i (resp. £i) can also be regarded naturally as a subfield of Li (resp. L^^^). Write 

Di =^ Gal(L^'^P/Li) for the corresponding absolute Galois group of L^, and Ii C Di 
the inertia subgroup. For each prime number I, let Di i be an /-Sylow subgroup of 

A- 

By local class field theory (cf., e.g., [Serre2]), we have a natural isomorphism 
(Lf )^ ^ Df, where (Lf )^ =^ ]^ Lf /(Lf In particular, fits into an exact 

n 

sequence 

O^O^.^ Df ^ Z ^ 

(arising from a similar exact sequence for (L^^)^), where O^, is the group of mul- 
tiplicative units in C^.. Moreover, we obtain natural inclusions 

£f xUl= Ol C Lf ^ Df, 
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where Ul is the group of principal units in O^. , and 



L^/Ol^Z-^Df/Im{Ol) 

(where ^ is the isomorphism induced by the valuation), by considering the Frobe- 
nius element. 

Let S)j be a quotient of D^, Dfj the image of /j in and = Di/3i. For each 
prime number let be the image of Di i in which is an Z-Sylow subgroup 
of Write 

am(C), 3m{Ul) C 3m{Ol) C Jm(Lf ) c S)f 

for the images of £^ , U} ^ O^. and in Df°, respectively. In the rest of this 

subsection, we assume that cither Di = Di, z = 1, 2 or J)j = = -D^ , i = 
1,2, and refer to the first and the second cases as the profinite and the tame 
cases, respectively. Thus, we have Df = (L^)^, ^m{L^) = , 3m(O^J = C»^., 
3m{ef) = £f and 3m{Ul) = U} in the profinite case, and Df = (Lf 
3m{Lf) = Lf/Ul, 3m{Ol) = OljU} = Jm(£f ) = £f and 3xn{Ul) = {1} in the 
tame case. 
Let 

T : S)i ^ 2)2 

be a surjectivc homomorphism between profinite groups. Write r^^ : Df Df 
for the induced surjective homomorphism between the maximal abelian quotients. 
For each prime number /, r{Di^i) is an /-Sylow subgroup of 2D2, and we shall assume 
that t(S)i,/) = ©2,/. 

Proposition 2.1. (Invariants of Arbitrary Surjective Homomorphisms between 

Decomposition Groups) (i) The equality pi — P2 holds. Set p'^= pi = P2- 

(ii) Let I ^ p be a prime number. We have Di^i flKerr = {1}. In particular, Kerr 
is pro-p. In the tame case, r is an isomorphism. 

(iii) The homomorphism r induces a natural bijection £f ^ £2 between the multi- 
plicative groups of residue fields. In particular, l\ and £2 have the same cardinality. 

(iv) T induces naturally an isomorphism M^^ — Mi^, which is Galois- equivariant 
with respect to t. In particular, r commutes with the cyclotomic characters Xi '■ 
S)j — > (Z^ )^ ofDi, i.e., the following diagram is commutative: 

(p'Y = {±p'y 



Xi 



X2 



Si 2)2 

(v) We have t{3i) ^32- 

(vi) The homomorphism r^^ : Df" Df preserves 3m{Lf), 3x(i{Ol.), 3x(i{£l) 
and 3m{Ul). Further, the isomorphism, D'f^ /3m{0^^) D^^/3m{0^^) induced by 
T preserves the respective Frobenius elements. 

Proof. Property (i) follows by considering the g-Sylow subgroups of Di for various 
prime numbers q. Indeed, for i G {1,2}, Di^p. is not (topologically) finitely gen- 
erated (resp. is cyclic) in the profinite (resp. tame) case, while Di^i for a prime 
number I ^ pi is (topologically) finitely generated and non-cyclic. Accordingly, the 
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surjection S)i,p2 '^2,p2 (resp. -» S)2,pi) cannot exist in the profinite (resp. 

tame) case, unless pi = P2- Thus, we must have pi = P2- 

The first assertion of (ii) follows from Proposition l.l(i), applied to the quotient 

Di Til ^ 2)2. The second assertion follows from the first. The third assertion 
follows from the second, together with the fact (which can be checked easily) that 
D\ admits no nontrivial normal pro-p subgroup. 

Next, we prove (iii). By local class field theory, the torsion subgroup Tif''^'^^ 
of is naturally identified with (both in the profinite and the tame cases), 
hence, in particular, is finite of order prime to p. By (ii), the kernel of the surjective 
homomorphism r^*^ : D'f^ Sl*^ is pro-p. Thus, r^^ induces a natural isomorphism 
Di '^"^ ^ which is naturally identified with £^ — ^ ^2 ' desired. 

By applying the above argument to open subgroups of Di (which correspond 
to each other via r); i = 1,2, and passing to the projective limit with respect 
to the norm maps, we obtain a natural isomorphism M^^ Mi^ between the 
modules of roots of unity. Here, we use the fact that if L'- is a finite extension 
of Li corresponding to the open subgroup 25^ of 2)i, then the following diagram 
commutes: 

(L^^ > 

Norm 

(L,><)^ > , 

where the horizontal maps are the natural isomorphisms from local class field the- 
ory, and the map Df^ is induced by the natural inclusion D[ C Di. Further, 
this identification is (by construction) Galois-compatible with respect to the homo- 
morphism r. This completes the proof of (iv). 

Property (v) follows from property (iv), since ^i coincides with the kernel of Xi 
for i = 1, 2. 

Next, we prove (vi). First, r^^ preserves the image 3m{0^ ) by (v), since this 
image coincides with the image of the inertia subgroup 3i. Since 3m{£^) (resp. 
3m{Ul)) is the maximal prime-to-p (resp. pro-p) subgroup of Jm(C^.), property 
(vi) for 3m{£f) (resp. 3m(t//)) follows. Further, by (iii) and (iv), the homo- 
morphism Df^ /3m{O^J Df^ /JmiO^^) induced by r preserves the respective 
Frobenius elements, since such an element is characterized as the unique element 
whose image under Xi is ^{£i)- Finally, since 3m{L^) is the inverse image in Df^ 
of the subgroup generated by the Frobenius element in Df^ /3m{02.) for i — 1,2, 
they are preserved by r*^. □ 

2. 2. Homomorphisms between Galois groups of function fields of curves over 
finite fields. 

Next, we shall investigate some basic properties of homomorphisms between 
Galois groups of function fields of curves over finite fields. We follow the notations 
in §1, especially subsections 1.3 and 1.4. We also follow the following: 

Notation, (i) For i e {1, 2}, let ki be a finite field of characteristic pi > 0. Let Xi 
be a smooth, proper, geometrically connected curve of genus Qi > over ki. Let 
Ki — be the function field of Xi and fix an algebraic closure Ki of Ki. Let 
Kf^^ be the separable closure of Ki in Ki, and ki the algebraic closure of ki in Ki. 

Following the notations in §1, we will write Gj =^ G^. = Gal{Kl^'^ / Ki) for the 
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absolute Galois group of Ki, and Gi = Gj^.^. = Gal{K^'^'^ / Kiki) for the absolute 
Galois group of Kiki. 

(ii) Let Ni be a normal closed subgroup of Gi and set iSj =^ Gi/Ni. Let Ki denote 

the Galois extension of Ki corresponding to A^^, i.e., Ki =^ [K^^^)^'^ . Let 0j be the 

image of Gi in 0j, and set 0^. =^ (3i/&i, which is a quotient of Gk^ — Gal(ki/ki). 
For z = 1, 2, let us denote by (p^i the image in (5ki of the jj(/cj)-th power Frobenius 
element of Gfc. . 

(iii) Write Xi for the integral closure of Xi in Xj. The Galois group 0^ acts 
naturally on the set S j^. , and the quotient /0i is naturally identified with . 
Denote the natural quotient map S^. — > TiXi by qfj. For a point Xi e ^Xj' with 
residue field ki{xi) (which is naturally identified with a subfield of ki), we define its 
decomposition group S)^^ and inertia group by 

=^ {7 e I 7(^i) = ^i} 

and 

"^xi '= {7 e ®ii I 7 acts trivially on ki{xi)}, 

respectively. Set &k (T ) f^x ■ 

Write 3i ^ {Ixi)xieT. - for the closed subgroup of <&i generated by the inertia 
subgroups 3xi for all Xi e S^., and call it the inertia subgroup of 0j. Then 3i is 
normal in 0^. 

(iv) Let 

a- : 01 ^ 02 

be a continuous homomorphism between profinite groups. 

Proposition 2.2. (Image of a Decomposition Subgroup) Let I be a prime number 
7^Pi,P2j and put the following two assumptions: (1) N\ = N2, or, equivalently, K2 
admits no l-cyclic extension; and (2) K2 contains a primitive l-th roots of unity. 

def 

Foreachxi G Yjj^^, fix an l-Sylow subgroup Dx^,i ofDxi and set3xi,i = 3xir\Dxi,l, 
which is an l-Sylow subgroup of Jxi- Let be the set o/xi G such that 

cd/((T(2)5j) = 2. Then: 

(i) There exists a unique map = (f)a,i : ^ ^ — > E^^^, such that a{'Sxi) 
for each G Ej^^ ^ ^ . 

(ii) For each Xi G '^x^^ri' there exists an l-Sylow subgroup '^^(^xi)i ^f'^4>{xx)' 
such that cr(2)£i,/) C '^^(^xx) i- Moreover, we have a{3x-i^,i) C 3r^(£^) i, where we set 

def 

= ^^(ii) '"hick IS an l-Sylow subgroup ofJ^^-^y 

(iii) The subset T^j^^ al ^'^Xi (5i-stable, or, equivalently, '^x^^i = qi^{'^Xi,a,i), 
where Exi,ct,« =^ al)- "^^e map is Galois- compatible with respect to a: 
0(^1^1) = o"(fi'i)0(5i) for any x\ G S^^^ and any ^1 G 0i. In particular, 

induces naturally a map (j) = (/>o-,i : Sxi,cr,z — ^ ^Xg- 

(iv) For any xi G E^^^ \ we have a{3xx,i) = {!}• 

(v) For two primes I — hjh satisfying the assumptions, 4>a,ii and (f>a,i2 coincide 
with each other on the intersection T,y ^ , fl E ^ , 

J^l,a,ll Ai,(T,{2 
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Proof, (i) Take xi e ^Xiaf ^PP^yi^S Proposition l.l(i)(ii) to D = (T(S)gJ, we 
have cr(S)iJ G Decz(02) in the notation of Proposition 1.5(ii). Thus, by Proposition 
1.5(ii), there exists X2 eT,-^^, such that a{'Dxi) C S^g- By Proposition 1.5(i), such 
X2 is unique. So, set (/){xi) = X2, which has the desired properties, 
(ii) The existence of S?^,-^^^ ^ follows from the fact that (J^Dx^^i) C a"(2)^J C ^^^(j^) 
and that a^Dx^^i) is pro-Z. FinaUy, consider the composite map of 



^2(92(^(51)))" 



must be 



Then, since cdKGfc,(^,(^(s^)))) = 1, the image of 3^,,^ in ^^,(,,(^(5,))) 
trivial by Proposition l.l(i), as desired. 

(iii) Immediate from the definitions. 

(iv) We have cdi{a{Dxi)) < cdi(62) < 2 < 00, where the second inequality follows 
from Lemma 1.4. Now, the assertion follows from Proposition l.l(i). 

(v) This follows from the fact that the defining property a^Dx-i) ^ '^4>{xi) ^ 
independent of /. □ 

We shall consider the following conditions: 

Condition 1. Either (5i = d, i = 1,2 or (S^ = Gf'\ i = 1,2. We refer to the 
first and the second CBjSGS clS the profinite and the prime-to-characteristic cases, 
respectively. (Observe that conditions (1)(2) in Proposition 2.2 are then satisfied 
for any prime number I ^ Pi,P2-) In particular, we have 25^-= Gfc. in both cases. 

Condition 2. The map o" : 0i — > 02 commutes with the projections pr^^, pr2, i.e., 
it inserts into the following commutative diagram: 



1 



1 



p^i 



02 



02 * G 



k2 



1 



where the rows are exact. 



Condition 3. The map cr : 0i — > 02 is an open homomorphism. 

In the rest of this section, we assume that Condition 1 holds. Then: 

Lemma 2.3. In the prime-to- characteristic case, Condition 2 automatically holds. 
In the profinite case, if a{3i) C ^2, then Condition 2 holds. 

Proof. In the primc-to-characteristic case, the quotient pr^ : 0^ -» coincides 
with 0^*^ modulo the closure of the torsion subgroup. Thus, a commutes with the 
projections pr]^,pr2. 

In the profinite case, assume that cr(3i) C ^2. Then a induces naturally, by 
passing to the quotients (Bi/Ji, a homomorphism 7ri(Xi) — > 7ri(X2) between fun- 
damental groups. The quotient pr^ : 0^ 7ri(Xj) G/j. coincides with 7ri{Xi)^^ 
modulo the torsion subgroup. Thus, a commutes with the projections pr^^, pr2. □ 

In the rest of this section, we assume, moreover, that Condition 3 holds. Then 
note that, if Condition 2 also holds and if (Tq : Gk^ ~^ Gk2 and d" : 0i — 02 are 
homomorphisms induced by a, then automatically (Jq is open and injective and a 
is open. 
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Lemma 2.4. (Invariance of the Characteristics) The equality pi = P2 holds. 



Proof. By replacing 02 by the open subgroup cr((J5i) C 02, we may and shall 
assume that a is surjective. 

In the profinite case, the assertion follows by considering the (pro-)(3'-parts of 
(5f for various prime numbers q. Indeed, for i G {1, 2}, the p^-part of C5f modulo 
the closure of the torsion subgroup is not finitely generated, while the /-part of 
modulo the closure of the torsion subgroup, for a prime number I ^ pi, is finitely 
generated (and even cyclic), as follows from the structure of given by global 
class field theory. (Note, however, that the /-torsion subgroup of (3f^ is infinite.) 
Thus, (§2 being a quotient of (5i (via a) we must have pi = p2. 

In the prime-to-characteristic case, the assertion follows by considering the q- 
Sylow subgroups (5i^q of 6i for various prime numbers q. As a is assumed to be 
surjective, we may and shall take 02,9 = o"(0i^g). Indeed, for i G {1,2}, 0^,^^ is 
cyclic, while <3ij for a prime number I ^ pi is non-cyclic. Accordingly, the surjection 
^i,Pi ~^ ^2,pi cannot exist, unless pi = p2. Thus, we must have pi = p2. □ 

So, from now on, set p'= pi = P2- 

Remark 2.5. The same argument used in the proof of (the prime-to-characteristic 
case of) Lemma 2.3 shows that an open homomorphism cr : 0i ^ 02 between 
profinite groups automatically commute with the natural projections pr^ : 0j — > 
G^,, induced by pr^, for i = 1,2. Thus, we have a commutative diagram: 



82 G£, 

where the right column is automatically open and injective. The authors do not 
know, at least at the time of writing, whether or not Condition 2 follows from 
Conditions 1 and 3 in general (i.e., even in the profinite case). 

In the rest of this subsection we assume, moreover, that Condition 2 holds. 

Lemma 2.6. The map a induces a natural open homomorphism a' : — > G''2 \ 
which commutes with the canonical projections G\^ ^ Gka' i — 1,2. For i = 1,2, 
let 3[ he the image of 3i C 0i in G^^\ Then cr'(J']^) C 3'2. Thus, a induces 
a natural open homomorphism t' : 7ri(Xi)(^ ) — > 771(^2)^^ \ which commutes with 
the canonical projections 7ri(Xj)(^ ^ G^J i = 1,2. In particular, we have gi > g2- 

Proof. The first assertion is clear. The second assertion follows from Proposition 
2.2(ii)(iv). The third assertion follows from the second. Now, r' : 7ri(Xi)(^) — > 
7ri(X2)*-^ ^ induces an open homomorphism 7ri(Xi)^ ni{X2)^ , hence an open 
homomorphism 7ii{Xi)p''^^ ni{X2)^''^^. Since the 7ri{Xi)p''^^ is a free Z^'- 
module of rank 2gi for i — 1,2, this implies the last assertion. □ 

Lemma 2.7. For a prime number I 7^ p, the map (f) = (l)cr,i '■ '^x-i,a,i ^ 'is 
almost surjective, i.e., \ 4^{^Xi,a,i) is finite. In particular, Sxi.o-,^ is infinite 
(hence, a fortiori, nonempty). 
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Proof. Assume that the set S = \ is infinite. Set U2 = X2 ^ S. 

As in (the third assertion of) Lemma 2.6, then a induces an open homomor- 
phism r}'"' : 7ri(Xi)('^ t^i{U2)^''\ which is a hfting of the homomorphism r^'^ : 
7ri(Xi)(^) 7ri(X2)(') induced by t' : 7ri(Xi)(p') ^ 7ri(X2)(^''). We have a commu- 
tative diagram: 

1 > MXiY > 7ri(Xi)(0 Gk, > 1 




1 > MU^y > 7ri(t/2)« Gk, . 1 

where U2 =^ Xfc2 ^2- Since rf'* : 7ri(Xi)<^') — > 7ri(t/2)*-''* is open and ctq : G^i — 
Gjtj is (open and) injective, we see that f[ : 7ri(Xi)' 7ri(t/2)^ is open. This is 
a contradiction, since 7ri(Xi)' is (topologically) finitely generated, while 7ri(C/2)' 
(hence f|(7ri(Xi)')) is not (topologically) finitely generated, as S is infinite. □ 

Lemma 2.8. Let ctq : Gk^ Gk^ be the (open, injective) homomorphism induced 

by a. Set do [Gk2 ■ o"o(Ga;J]. Then: 
(i) The following diagram is commutative: 



(ZP ) = 

Xfci 

Gki 
<3i 



(zf y 

Xk2 

Gk2 

pr2 
62 



where Xk^ is the cyclotomic character of Gk^ fori = 1,2. 
(ii) We have ^(ki) - 9(^2)'^° anc? ao{(pk^) = ^g- 

Proof, (i) Since the bottom square is commutative by the definition of ctq, we 
only have to prove that the top square is commutative. As Gk2 is (topologically) 
generated by ipk2, we may write cro(</^fei) — V^^j, where a E Z. Now, the desired 
commutativity Xk2°(^o = Xfei is equivalent to saying that Xfe2('^o(¥'fci)) = Xfci(Vfci) 
(as Gfci is (topologically) generated by <^fcj. Since XkA'Pki) = tl(^i) = p^'^^'-^p^ and 

xfc2K(¥'fej) = Xfe2(^fcj = xfc^i^fej" = mr =p''^'---^-\ 

the desired commutativity is thus equivalent to the equality a[k2 : Fp] = [ki : ¥p] 
in Z. (Here, note that the homomorphism Z — > (Z^ )^, P 1— > is injective by 
[Chevalley], Theoreme 1.) In particular, it sufiices to prove the desired commuta- 
tivity on an open subgroup H C G^i- Indeed, set m =^ [Gk^ '■ H]. Then, since 
</?^ is the Frobenius element for H, the commutativity on H is equivalent to the 
equality ma[k2 : ¥p] = m[ki : ¥p] in Z, which implies a[k2 : ¥p] = [ki : Fp], as 
desired. Thus, by replacing 0i and 02 by suitable open subgroups, we may and 
shall assume that 5^2 > 0. 
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Next, for each prime number I ^ p and i e {1, 2}, let Xki,l '■ G^fej denote the 

/-adic cyclotomic character. Thus, corresponding to the decomposition (Z^ )^ = 
Hi^p Zf , we have Xki = {Xki,i)i^p- We have to prove that Xfea ° ^-Q = Xfei, which is 
equivalent to saying that Xk2,i ° ctq = for all ^ 7^ 

We shall first prove that the last equality holds up to torsion. More precisely, 

denote by Xki,i the composite of Gfc. I^f / {XfY'^^ . By Lemma 2.7, we 

can take £i e S^^^ ^ ^ ^ 0. Set X2 =^ Let Xi denote the image of Xi in Sx^ 

for z = 1, 2. By Proposition 2.2(ii), we have a : Sg^,/ 'S)x2,l and a : O^^^,; ^ 3x^,1, 
which are injective by Proposition l.l(i). This implies that Xk2,i ° ctq = Xki,i holds 
on the image of S^^^; in G^^, which is an open subgroup of the /-Sylow subgroup 
Gfci,; of Cfci- As Zj^ ~ Z/ is torsion-free and pro-Z, this implies that 

Xk2,l O CTQ = Xki,l- 

In particular, we have Xk2,i{(^o{'fki)) = Xfci,z(v'fci)- This implies the equality 
^(A;2)« = tt(A;i) in Zf /(Zf )*°'^ ~ Z/. Since p e Zf is not a torsion, this last equality 
shows that ai[k2 '■ Fp] = [ki : Fp] in Z^. Here, corresponding to the decomposition 
^ = Hi: prime ^^^^^ " = prime- Or, equivalcutly, wc havc 

a[k2 : Fp] = [ki : Fp] + ip(e) 

in Z, where tp : Zp ^ Z is a natural injection and e =^ Q!p[/c2 : Fp] — [ki : Fp] G Zp. 

On the other hand, by Lemma 2.6, we get an open homomorphism 7ri(Xi)^ — > 
7ri(X2)P', hence a surjection 7ri(Xi)P''^b(g)zQ ^ 7ri(X2)P''^^«)zQ, which are Galois- 
compatible with respect to (Tq : G^i — >^ G^j- For each i = 1, 2, let PiiT) be the 
characteristic polynomial of (p^^^^''^'^^ on the free -module Tii{XiY '^'^ (of rank 
2(7i), where i' is defined by {z, z'} = {1, 2}. Then, it is known that Pi{T) G Z[T]. 

Write Pi for the natural representation Gk^ Aut^p' (7ri(Xi)P ''^^). Let i?Q 
be the (commutative) Q-subalgebra of End£p/^^Q(7ri(X2)^''^'^ (S)z Q) generated by 
P2{Gk2)- We have -P2(p2(v^fc^^ '^''^)) = in i?Q. By the Galois-compatibility, we also 
have Pi(p2(o"o('/'if^^ '^''^))) = in R^. These identities imply that both of P2(Vfe^^ '^^^)) 
P2(co(</'fe^^ '^^^)) ^ -Rq are algebraic over Q, hence so is the ratio 

pi\(yQyPux ){Vk2 ) ) - P'2(.Vk2 ) - p2{Vk2 

in i?Q. So, take a monic polynomial Q{T) G Q[T] satisfying (5(?7) = in Rq. Set 
fc'=deg(Q). 

Let / be a prime number 7^ p, and -R^^q the image of Rq in EndQj (7ri(X2)'''^'' ®i 
Q). Then observe that the image ?7; of ry in Ri^q C EndQ, (7ri(X2)^''^^ (8>z Q) is a 
pro-p element of End^, (7ri(X2)^'^^), hence a torsion element of p-power order. So, 
let p"' be the order of r]i. As Q{r]i) = in the commutative Q-algebra -Ri,Q, we 
conclude: ^^p"' < V'(p"0 ^ where </? stands for Euler's function. (Use the fact 
Q ^ -R/,Q, which follows from g2 > 0.) Thus, ai is bounded: there exists a > 
such that ai < a for all Z 7^ p. Namely, {iqiY = 1 for all I 7^ p. 

Set "= det(?7i), where the determinant is taken as an element of EndQ; (7ri(X2)''*^(8)z 
Q). Since det is a homomorphism, we have (0)^" = 1 ^r all I ^ p. Set C, {Cl)l^p 
in (Z^ ) ^ = Yiij^p Now, by construction, we have 

c = xf,,(^;f^) = «(fc2r^^^^\ 
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hence ^(/ca)^"^''^^') = 1 in {ZP'y. Since the homomorphism Z (Z^')^, /? ^ is 
injective, this last equahty forces [/c2 : ^p]p"'92t-p{€) = in Z. As [/c2 : ¥p\p"'g2 > 0, 
this implies ip{e) = 0. Namely, wc have a[/c2 : IFp] = [ki : Fp] in Z, as desired, 
(ii) As in the proof of (i), set ao{Lpki) = "-pt^- Since — ^ ^'^'^ [^'^2 ^ cro(GfcJ] = 
(io, we must have ot = dgu, where ?i G Z^ . Now, since a[k2 : Fp] = [ki : Fp] by (i), we 
obtain dou[k2 : Fp] = [ki : Fp], hence u = [ki : ¥p]/{do[k2 : Fp]) G Q>o (C Z ®z Q)- 
Since Z^ fl Q>o = {!}, we conclude u — 1. Thus, do[k2 : Fp] = [ki : Fp] and 
(^oi^ki) = as desired. □ 

Lemma 2.9. For each prime number I ^ p, the map 4>cr,i '■ o-i ~^ ^x^. 
surjective. In particular, the map (p^^^i : T,Xi,a,i ~^ is surjective. 

Proof. As in the proof of Lemma 2.7, set S =^ \ 4^(^X1,(7,1) and U2 =^ X2 \ S. 
Thus, by Lemma 2.7, iS is a finite set. Let r < cxd be the cardinality of S{k2)- Then 
a induces an open homomorphism r}^"* : tvi{Xi)^''^ '^i{U2)^^\ which is a lifting 
of the homomorphism r*^'-* : Tri{Xi)^^^ 7ri(X2)*-'-* induced by r' : 7ri(Xi)*^P ^ 
7ri(X2)*-^ -* in Lemma 2.6. We have a commutative diagram: 

1 > MXiY > 7ri(Xi)« Gk, > 1 




1 > 7ri(C/2)^ > 7ri(C/2)(') Gfe ^ 1 

where [/2 =^ U2 x^^ A;2. Since r}''* : 7ri(Xi)*^') ^ 7i"i(C/2)*-''' is open and ctq : Gfe^ — >■ 
Gfe2 is (open and) injective, we see that f[ : 7ri(Xi)' 7ri(L''2)^ is open. The open 
homomorphism f| : 7ri(Xi)^ — > 7ri(t/2)^ induces an open homomorphism f^'^^ 
'^liXiY'"''^ — > 7ri(t/2)''°'''- This last homomorphism is, by construction, Galois- 
compatible with respect to ctq : Gfei G^^. In other words, if we regard 'Ki{U2Y'^^ 
as a Gfc^ -module via (Tq, f|'^^ is a homomorphism as Gjti -modules. 

The absolute values of eigenvalues of ipk-^ £ Cfci in "^^"1(^1)^'"^ are all ||(/ci)-'^/^, 
with multiplicity 2(7i. On the other hand, by the second assertion of Lemma 2.8(ii), 
the absolute values of eigenvalues of ipki in 7ri(t/2)^'"'' are the same as those of (/Pjj,^, 
which are {[(^2)''°^^ with multiplicity 2gf2 and {1(^2)''° with multiplicity max(r — 
1, 0). By the first assertion of Lemma 2.8(ii), they coincide with tl(^i)''^^^ and tK^i), 
respectively. Thus, we conclude r < 1. However, if r 7^ 0, by replacing ©i, 02 with 
suitable open subgroups, we may assume that r > 1, a contradiction. So, we have 
established r = 0. 

To prove the surjectivity of we may replace freely (25i, 02 by open subgroups 
i3i,i325 respectively, such that cr{S^i) C ^2- (Indeed, the map 4>a,i '-^x^ai^^Xi 
remains unchanged.) In particular, we may assume that cr : 0i — > 02 is surjective. 
Then, the surjectivity of (f)^^i : ^ ^ — > S is equivalent to the surjectivity 
of (pfj.i ■ Sxi,CT,« — Sxa, which is then equivalent to r = 0. This completes the 
proof. □ 

§3. Rigid homomorphisms between Galois groups. 

In this section we shall investigate a class of homomorphisms between (geometri- 
cally prime-to-characteristic quotients of) absolute Galois groups of function fields 
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of curves over finite fields, which we call rigid. We follow the notations in §1 and 
§2. In particular, we follow the Notation at the beginning of subsection 2.2. We 
assume that Condition 3 holds. 

Definition 3.1. (Rigid Homomorphisms) (i) We say that u : (J5i — > 02 is strictly- 
rigid, if there exists a map 

such that 

for each Xi G Ej^^ . 

(ii) We say that cr : C5i ^ (§2 is rigid, if there exist open subgroups S)i C 0i, 
S)2 C 025 such that a{:^i) C S^2 and that Sji S^2 is strictly rigid. (Here, S^i is 
considered as a quotient of the absolute Galois group that is the inverse image in 

Gi of i), C &^.) 

(iii) Define Hom((25i, 62)^'^ C Hom((5i, 62) to be the set of rigid (hence continuous 
open) homomorphisms 0i 02- 

Remark 3.2. (i) Consider a commutative diagram of maps between profinite 
groups: 

01 02 



0'l 0^ 

where the vertical arrows are surjective. Then, if a : 0i — > 02 is strictly rigid (resp. 
rigid), then a' : 0^ 02 is strictly rigid (resp. rigid). 

(ii) Let Sj2 be an open subgroup of 02 and ^1 =^ cr~^(-^2)- Then, if cr : 0i — * 02 
is strictly rigid (resp. rigid), then the natural homomorphism Sji — > Sj2 induced by 
a is strictly rigid (resp. rigid). 

(iii) Assume that cr : 0i ^ 02 is strictly rigid with respect to : — > S-^^. 

Then, if is surjective, then a is surjective. Indeed, this follows immediately from 
the fact, by Chebotarev's density theorem, that 02 is (topologically) generated by 
its decomposition subgroups. 

(iv) As in Proposition 2.2, let / be a prime number 7^ Pi,P2j and put the following 
two assumptions: (1) N2 — N2, or, equivalently, K2 admits no /-cyclic extension; 
and (2) K2 contains a primitive Z-th roots of unity. 

If a is strictly rigid, with respect to : ^ , then we must have E ^ ^ = 
E^^ and = In particular, then cf) is unique and Galois-equivariant with 

respect to a, hence induces naturally a map (= (f)a,l) '• ^Xa- 

~ def ~ 

If a is rigid, then we must have E^^ ^ ^ = Ej^^, and, if we set = (f)cr,i, then we 
have a{'X)xi) '^d,(f ) each xi & T,v . The map is uniquely characterized 

open Vy-'^i) i 

by this property, and Galois-equivariant with respect to a, hence induces naturally 
a map (= 0^,;) : E^i E^j. 



In the rest of this section, we assume that Condition 1 holds. 
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Definition 3.3. (i) Let 7 : K2 — > i^i be a homomorphism of fields, which defines 

an extension K1/K2 of fields. Set p'= p\ = P2- Then we say that 7 is admissible, 

if the extension K1/K2 appears in the extensions of K2 corresponding to the open 
subgroups of 02- More precisely, in the profinite (resp. prinie-to-characteristic) 
case, we say that 7 is admissible, if the extension K1/K2 is separable (resp. if the 
extension K1/K2 is separable and the Galois closure of the extension Kiki/ K2k2 
is of degree prime to p) . 

Equivalently, 7 : K2 Ki is admissible if and only if it extends to an isomor- 
phism 7 : K2 Ki. 

(ii) Define Hom(iC2 5 i^i)^'^™ C Hom(i^2 5 -^1) to be the set of admissible homomor- 
phisms K2 ^ Ki. 

Our aim in this section is to prove the following. 

Theorem 3.4. The natural map Hom(i^2, Ki) — > Hom(0i, 02)/Inn(02) induces 
a bijection 

Hom(K2, Ki)^'^'" ^ Hom(0i, 02)"V Inn(02). 

More precisely, 

(i) // 7 : K2 Ki is an admissible homomorphism between fields, then the homo- 
morphism 01 02 induced by j (up to inner automorphisms) is rigid. 

(ii) // o" : 01 ^ 02 is a rigid homomorphism between profinite groups, then there 
exists a unique isomorphism 7 : K2 Ki of fields, such that ^oa{gi) = 5^1 07, for 
all (71 G 01, which induces an admissible homomorphism K2 Ki. 

Remark 3.5. (i) By local theory for the Isom-form, any isomorphism 0i ^ 02 
is strictly rigid. In particular, we have Isom(0i,02) C Hom(0i, 02)"^'^. Thus, 
Theorem 3.4 can be viewed as a generalization of the Isom-form: 

Isom(K2,i^i) ^ Isom(0i,02)/Inn(02), 

which is the main theorem of [Uchida2] (resp. [ST]) in the profinite (resp. prime- 
to-characteristic) case. 

(ii) Let 7 : Kf*'^^ — > Kf^^^ be a homomorphism of fields, which defines an exten- 
sion Kf^^^ /K2'^^^ of fields. Set p '= pi = P2- Then we say that 7 is admissi- 
ble, if the extension KY'^^ / K"^^^^ appears in the extensions of K2^'^^ correspond- 
ing to the open subgroups of 02, which is regarded as a quotient of the absolute 

Galois group G^perf = Gko- More precisely, in the profinite (resp. prime-to- 
2 

characteristic) case, 7 is always admissible (resp. admissible if and only if the 
extension the Galois closure of the extension ii'f'^'^^A;i/-ftrf '^'^^^2 is of degree prime 
to p). Define Hom(Kf ^perf^adm ^ Hom(Kf Kf^'^) to be the set of admissi- 
ble homomorphisms KY""^^ Kf^^^. Then the natural map Hom^K^^^^ , Kf^^^) — > 
Hom(0i, 02)/Inn(02) induces a bijection 

Hom(i^f'^^Xf=^^)"^™/Frob^ ^ Hom(0i, 02)"V Inn(02). 

Indeed, this follows from Theorem 3.4, since the natural map Hom(JC2) -f^i) 
Hom{KY'^, Kr'^) induces 

Hom(K2, i^i)^^™ ^ Hom(Kf'^*', xP^rf)^dm/ ^^^z _ 
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The rest of this section wiU be devoted to the proof of Theorem 3.4. 

First, to prove (i), let 7 : K2 Ki be an admissible homomorphism. Then, by 
the definition of admissibility, the extension K1/K2 is isomorphic to some extension 

def 

L/K2 corresponds to an open subgroup S^2 of &2- Set = (3i. Now, let a : C5i — > 
02 be the homomorphism induced by 7 (up to conjugacy). Then it is easy to see 
that cr restricts to an isomorphism iji ^ ^2 (corresponding to the isomorphism 
L ^ Ki), which is strictly rigid. Thus, a is rigid, as desired. 

Next, to prove (ii), let o" : l5i — 02 be a rigid homomorphism. By definition, 
there exist open subgroups Sji C S^2 C. 62, such that (j{Sji) C S^2 and that 
^1 ^2 is strictly rigid with respect to, say, : E^j^^ ^ E^j^^ . Then, by Remark 
3.2(iv), (f) is Galois-equivariant with respect to a : 0i — > 02 (i-e., not only with 
respect to u : i^i ^ S^2)j and, for each xi e E^ , we have a{'S)xi) C \ and 

^ open 'PK-'^iJ 

(7(S)i,n:^i) = D^(-^)ni02. 

Lemma 3.6. Condition 2 holds for cr : 0i ^02- 

Proof. By Proposition 2.1(v), we have a{3xi) ^ esich. xi E T^^^. In 

particular, we have (t(Ji) C 32- Now, the assertion follows from Lemma 2.3. □ 

Thus, we may apply Lemmas 2.6-2.9 to a. Further, we have the following: 

Lemma 3.7. We have a{Sji) = 9)2 and S^i = cr~^(i32)- 

Proof. By Lemma 2.9, (f) is surjective, hence, by Remark 3.2(iii), a : Sji ^ S)2 is 
surjective, that is, a{S)i) ~ ^2- 

Next, let Xi^s^^ — > Xi^^-i(^fj^^ — > Xi and X2,s^2 ~^ ^2 be (finite, generically 
etale) covers corresponding to open subgroups S)i C o'~^{S)2) C 0i and S)2 C 
02, respectively. Suppose that i^i C a~^{S)2)- Then, by Chebotarev's density 
theorem, there exists xi e E^^^ such that k{xi^:^-^) 2 k{xi^a--^{S)2))^ where xi^sji 
and Xi denote the images of xi in Ei^^^ and Ei (^-1(^2); respectively. Set 

X2 =^<^(5Si) G Ej^^. We have a{Dx^) C T)x2, hence 

(Ti^x, n ^1) c a{^x, n (7-\s^2)) c n -^2. 

Now, since Sji —>■ Sj2 is strictly rigid, we must have 

(t{^x^ n iDi) = (t(D£, n a-\S)2)) = n ^2. 

By Proposition 2.1(in), this implies that tt(A;(a;i,i3 J) = tt(^(a^2,^2)) = tt(fc(a;i,<T-i(fi2))' 
where X2,^2 denotes the image of X2 in E^ajj^- This contradicts k{xi^sji) 2 

Hxi,a-Hf,2))- n 

First, we shall treat the special case that u : 0i ^ 02 is strictly rigid (hence, in 
particular, surjective). 

Lemma 3.8. Assume that cr : 0i — > 02 is strictly rigid. Then: 

(i) We have gi — g2- 

(ii) The map (j) : Exi — E^a is bijective. 

Proof. By Lemma 2.6, the homomorphism a induces naturally a commutative di- 
agram: 
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1 > 7ri(Xi)p''^b , Hi > Gk, > 1 



1 > TTiiX^y''^^ > II2 > Gk, > 1 

where Ilj is the quotient 7ri(Xi)*^P'^/ Ker(7ri(Xi)P' -» TTi{Xi)P' '^^), and the maps 
Hi Gki are the natural projections; i = 1,2. Further, the vertical maps are sur- 
jective. In particular, the representation Gk^ Gk2 Aut(7ri(X2)^ '^^), where 
Gk2 Aut(7ri(X2)^ '^^) is the natural representation, and G^i ~^ is the right 
vertical map in the above diagram, is a quotient representation of the natural repre- 
sentation Gk-^ — > Aut(7ri(Xi)P '*^). For i e {1, 2}, let Ei be the set of eigenvalues, 
counted with multiplicities, of the Frobenius element <^/s. acting on TTi{XiY . 
Then E2 C since the map Gk^ Gk2 maps (pk^ to ipk^ (cf- Lemma 2.8(ii)). 
We will show that Ei — E2. 

For an integer n > 1, let ki^n be the unique extension of ki of degree n; i = 1, 2. 
Then, by the Lefschetz trace formula, tl-^i(A;i,n) = 1 — X^a e£ ^2 + where 

def 

q = tt(fci) (cf. Lemma 2.8(ii) for the equality ^{ki) = ti(^2))- Recall that the 
map (/) : is surjective (cf. Lemma 2.9), and if X2 = (f>{xi), then the 

residue fields k{xi) and k{x2) have the same cardinality (cf. Proposition 2.1(iii)). In 
particular, tt(-^i(/ci,n)) > tt(-^2(^2,n)) for all n. Thus, Xlj=i /^^ — ^ ^ ^ 1, 

where E =^ Ei\E2 (3r} (r = 2gi-2g2 > 0). Write = pjc'^^ {pj E M>o, 

6j E [0, 27r)), for j E {1, ...jT} (note that pj = g^/^ by the Riemann hypothesis for 
curves). Let T be the set consisting of the 4 quadrants of C = M^. More precisely, 

T={Tk\kE {1, 2, 3, 4}}, where {pe^^ \ p E M>o, 9 E [^^, ^)}. Thus, 

each q; e belongs to a unique element of T, which we shall denote by T{a). 
Consider the map : N — > that maps an integer n to {T(/?")}^^j^. Then there 
must exist integers mi < m2 such that pirrii) = p{m2), since ^{T'^) = 4'' is finite. 
This implies that e*"^^^^ , and e*"^2^j ^ belong to the same quadrant of the C = for 

all J E {1, r}. In particular, Re(/3^) = cosn9j > 0, where n =^ m2 — mi > 1. 
Suppose that r > 0, then this implies that Re(X]j=i Z^^) ~ J2^j=i^^f^^ > O5 
which contradicts the above fact that Yl^j=i (^f — ^- Thus, r — 0, i.e., 

E = Ei^ E2 must be empty, and Ei = E2. 

In particular, the Z^' -ranks of 7ri(X^)^ which equal to 2gi, are equal; z = 1, 2. 
This completes the proof of (i). 

Finally, we can conclude that (p is injective. For otherwise, there would exist 
an integer n > 1 such that ^{Xi{kn)) > tl(-^2(^n))- Hence, 7^ 0, which is a 
contradiction. This completes the proof of (ii) . □ 

Lemma 3.9. Assume that a : (5i ^ (52 is strictly rigid. Then a^^ ^ : (5^^ (5'^ 
is an isomorphism. (In particular, in the prime-to- characteristic case, a is an 
isomorphism.) 

Proof. By Lemma 3.8(ii), the map (/) : — induced by a is bijective. For a 
finite subset S2 of let 5*1 '= 0~^(S'2). Then cr induces naturally a continuous, 
and surjective homomorphism r^^ : 7Vi{Ui)^p ^ -» 7Ti{U2)^^ \ where TTi{Ui)^P ^ is 
the maximal geometrically prime-to-p quotient of the fundamental group ni{Ui) of 
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Ui = Xi -Si;i = 1, 2. Further, we have the following commutative diagram: 
1 > MUi)"' > 7ri(C/i)(p') > Gk, > 1 

1 ^ MU2y ^ 7ri(C/2)(f') > Gk, > 1 

The surjcctivc homomorphism 7Ti{Ui)p -» 7ri(C/2)^ must be an isomorphism by 
[FJ], Proposition 15.4, since Xi — Si have the same topological type {gi,^{Si)), 
where Si denotes the inverse image of Si in ; z = 1, 2, by Lemma 3.8. (For 

the bijectivity 5*1 ^ 5^2, apply Lemma 3.8(ii) to various open subgroups of (Si, (S2 
corresponding to constant field extensions.) Thus, the map r^^ is an isomorphism 

(note that the surjective map Gk^ Gk2 is an isomorphism). Also, 0^^ = 
^im TTi{Xi — Si)^P'\ where the projective limit is taken over all finite subsets Si of 

T,Xi', i = 1,2. Further, a^'^ -* = |im r'g^ g^, where the projective limit is taken over 

{81,82} 

all finite subsets Si and S2, corresponding to each other via 0. Thus, a^'^ ) must be 
an isomorphism. □ 

Now, return to the general case. As above, let ^1 C <25i, ^2 C 62 be open 
subgroups such that cr{9)i) C 9)2 and that the map cr^^^^^ '■ ^1 ^ ^2 obtained 
by restricting cr : 0i — > 62; is strictly rigid with respect to : Ej^^ — > E-^^. 
By Remark 3.2(iv), is Galois-equivariant with respect to ex : 0i ^ 02 (i-e., 
not only with respect to cr^^^ • ^1 ~^ -^2), and, for each xi G E-^^, we have 
(t(3)2i) ®<^(ii) ^"^"^ cr(2^ii n S^i) = ni32- Moreover, by Lemma 3.9, the 

map (ci5i,i52)*"^ • -^1^ ^ -^2^ induced by (Tsji,^^ is an isomorphism. 

Now, let us denote the finite separable extension of Ki corresponding to S)i C 0^ 

by Ki^^j., and the (infinite) Galois extension of Ki,sj^ corresponding to S)i S)^ by 
Kf^,. Then, by applying the Isom-form proved in [ST], (cr^i.^ja) • ^1 ~^ ^2 
arises from a unique field isomorphism l^(v') ^(pO • ^2' ^2 ~^ ^i^^i ^^^^ induces an 
isomorphism i^2,j32 ~^ ^i,sji- 

Lemma 3.10. Let S)i C S)i, i = 1,2 be open subgroups, such that cr(^i) C ^2 ^'^^ 
thata^'^ ^^i_^ : S^'i — > ^2 is strictly rigid. Then, the field isomorphism ^f^^,^-^{pi) (^y(p') : 

^2,^'2 ^ ^IS'i ^^^''^(^''^ 7^(p')^^(p') • -^2,^2 ^1,^1- 

Proof. This follows just formally from the statement of the Isom-form proved in 
[ST], as follows, without recalling any construction in [ST]. 

Take an open subgroup 9)2 of ^2 ^^at is normal in 9)2- Then, by Lemma 3.7, we 
have 

hence, by Remark 3.2(ii), 9)'l A 9)2 is strictly rigid. Assume that 1(^^'^){p') {sj'.^)ip') '• 
^tk ^ restricts to 7(«;)(.'),(^^)(.') : ^ K^^^'r ^fi^^'^.i^^'' ' 

^2f2 ^ ^iSr Then 7(i5;)(p'),(i3y(p') : i^2?^\ ^ restricts to 7^(p')^^(p') : 
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^2^^l ~^ ^I'^i ' ^ desired. So, it suffices to prove the desired property in the case 
where C 9)i is normal for z = 1,2, and cr induces naturally an isomorphism 
^i/^'i ^2/^2 between finite groups. 

For i = 1, 2, let 5^ be the image of in Sof' , which is an open normal subgroup 
of S^i' . Let C S^i be the inverse image of Z'i in ^i- Thus, we have the natural 
identification 5^ = -3^ and the following commutative diagram: 







C i^i c 




i 


i 


i 


i 











in which the vertical arrows are natural surjective maps. 

Now, since the isomorphism (cr^'^,^^)^^ ^ : (-^1)^^ ^ — > (-^2)^^ ^ is compatible with 



the natural (conjugate) actions of ^1 and 9)2 with respect to 9)\ S)2i the cor- 
responding field isomorphism 7(^/')(p') (J3')(p') : ^2^$^' ~^ ^I's^' ^^^^ compatible 

with the natural actions of ^1 and S)2 with respect to i^i ^ i32- In particu- 
lar, 7^^,^(p/) (j^/-)(p') restricts to -^"2,^52 ""^ -^i,i5n hence induces an isomorphism 

CK : fi ^ -^1 fi which is compatible with a : Sji ^ Sj2, hence with cr (p/) (p/) : 

— \ On the other hand, the isomorphism 7,(p') .{p') : K^^J — > ^i'^ 

is also compatible with cr (p/) (p/) : S)^ ^ 5^2^ Thus, we conclude the desired 
identity a = (t (pi) (p') by the uniqueness of such a Galois-compatible isomorphism. 
(Indeed, this is included in the statement of the Isom-form proved in [ST].) □ 

Now, consider the set <S (c Sub (61) x Sub (62)) of all pairs of open subgroups 
9)1 C <25i, 9)2 C 02 such that cr(^i) c i02, that 9)i 9)2 is strictly rigid, and that 
9)2 is normal in ©2. Then, as in the proof of Lemma 3.10, it follows from Lemma 3.7 
and Remark 3.2(ii) that {9)i-,9)2) G S implies that cr(i3i) = 9)2-, that ^1 — a~^{9)2) 
and that the image of S in Sub((J52) is cofinal in the set of open subgroups of 62. 

For each pair {9)i,9)2) G S, we get an isomorphism cr (p/) (p/) : 9)^f^ ^ 9)2'^ 
by Lemma 3.9, which is Galois-compatible with respect to cr : 0i —> 62- By the 
Isom-form proved in [ST], a^(p') ^(p/) induces an isomorphism 7j^(p') ^(pO : ^^2^2 ~^ 

-^1 $31' which is Galois-compatible with respect to a : C5i ^ ^2- By Lemma 3.10, 
7 (p') (p') can be patched together and define an isomorphism 7 : K2 ^ (Ki)^, 

where D^T Ker (cr : 0i —>■ 02), which is Galois-compatible with respect to cr : 

01^02. 

In the profinite (resp. prime-to-characteristic) case, K2 admits no nontrivial 
separable (resp. geometrically prime-to-p) extension, hence so is (-^1)^ K2)- 
This implies that (Ki)^ — Ki, i.e., 91 = {1}. Thus, we obtain 7 : K2 Ki, 
which is Galois-compatible with respect to cr : 0i —> 02, as desired. Finally, the 
uniqueness of such 7 follows formally from the uniqueness in the statement of the 
Isom-form (proved in [Uchida2] [ST] ) . This finishes the proof of Theorem 3.4. □ 
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Remark 3.11. We have proved Theorem 3.4 by reducing it to the statement of 
the Isom-form, by means of Lemma 3.9. Instead, we could mimic the proof of the 
Isom-form. 

§4. Proper homomorphisms betw^een Galois groups. 

In this section we shall investigate a class of homomorphisms between (geometri- 
cally prime-to-characteristic quotients of) absolute Galois groups of function fields 
of curves over finite fields, which we call proper. We follow the notations in §§1-3. 
In particular, we follow the Notation at the beginning of subsection 2.2. We assume 
that Condition 3 holds. 

Definition 4.1. (Weil-Behaved Homomorphisms) We say that a : C5i ^ 02 is 
well-behaved, if there exists a map : ^ E^^, such that a{'S)xj_) C '^^(^$1) 
for each xi e ^x^- 

Remark 4.2. (i) Given a commutative diagram of maps between profinite groups: 

01 > 02 



<3[ > <S'2 

where the vertical arrows are surjective, and the map 0i — > 02 is well-behaved, 
then the map — > 02 is well-behaved. 

(ii) Let S)i C 01, S)2 C 02 be open subgroups such that o-{Sji) C !^2- Then if 
(T : 01 — >^ 02 is well-behaved, then the natural homomorphism i^i — > i32 induced 
by a is well-behaved. (Here, S)i is considered as a quotient of the absolute Galois 
group that is the inverse image in Gi of Sji C 0,.) 

(iii) If cr : 01 — 02 is strictly rigid (cf. Definition 3.1), then it is well-behaved. 

(iv) As in Proposition 2.2, let I be a prime number ^ pi,P2, and put the following 

two assumptions: (1) N2 = A^2, or, equivalently, K2 admits no /-cyclic extension; 
and (2) K2 contains a primitive l-th roots of unity. Then, first, if cr : 0i ^ 02 
is rigid, then it is well-behaved by Remark 3.2(iv). Second, if a : 0i 02 is 
well-behaved with respect to 4> : T,-^^ ^ T,-^^, then we must have ^ ^ = 
and (f) — (f)a,i- In particular, then cf) is unique and Galois-equivariant with respect 
to cr, hence induces naturally a map </> (= 0cr,O : Exi Exj- 

Definition 4.3. (Proper Homomorphisms) We say that a : 0i — > 02 is proper, if 
a is well-behaved with respect to : Ej^^ — > E , such that is Galois-equivariant 
with respect to cr, and the map (f) : Exi — > E^a induced by cf) has finite fibers, i.e., 
for each X2 £ Exa, the fiber (f)~^{x2) is a (possibly empty) finite set. 

Remark 4.4. (i) Given a commutative diagram of maps between profinite groups: 

01 > 02 



«'i > ^'2 

where the vertical arrows are surjective, and the map 0i — > 02 is proper, then the 
map 0']^ — > 02 is proper. 
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(ii) Let Sji C 01, 9^2 C 02 be open subgroups such that cr(^i) C S^2- Then if 
cr : 01 ^ 02 is proper, then the natural homomorphism S^i — > Sj2 induced by cr is 
proper. (Here, Sji is considered as a quotient of the absolute Galois group that is 
the inverse image in Gi of Sji C 0^.) 

In the rest of this section, we assume that Condition 1 holds. Assume, moreover, 
that the continuous open homomorphism o" : 0i — 02 is well-behaved with respect 

~ def 

to (/) : T,-^^ T,-^^. By Lemma 2.4, we have p — pi — P2- Let xi G Sj^^ and set 

X2 =^ 4>{^i)- Denote by xi (resp. X2) the image of xi (resp. X2) in (resp. 
Sxa)- Then we have 

open 

By this and Proposition 2.1(v), we have 

open 

In particular, cr induces an open injective homomorphism r-^ : ^ Ofl^, where 
Of|^ (resp. Ofl^) denotes the inertia subgroup of (resp. of S^^). Note that we 
have natural identifications Mi ^ M/j(2,^)sep ^ and M2 — > M/j(a.2)sep ^ J^^, 

def 

where Mj = M^sop is the (global) module of roots of unity for i = 1,2. 
Now, we introduce the following important concept of rigidity of inertia. 

Definition 4.5. (Inertia-Rigid Homomorphisms) We say that the well-behaved 
homomorphism cr : 0i — 02 is inertia-rigid, if there exists an isomorphism r : 
Ml ^ M2 of 'IP -modules, such that for each xi e S^^, there exists a positive 
integer e^^ such that the following diagram commutes: 

Ml 

(4.1) ej, -ri 

M2 

where X2 =^0(xi); xi (resp. X2) is the image of xi (resp. X2) in (resp. Sxa); 
and the isomorphisms are the canonical identifications. 

Remark 4.6. (i) Given a commutative diagram of maps between profinite groups: 

Gi > G2 

Gf^ . ) 

where the vertical arrows are natural surjective maps, and the map Gi G2 is 
inertia-rigid, then the map G\ G2 is inertia-rigid. 

(ii) Let S^i C 0i, S)2 C 02 be open subgroups such that a{Sji) C S)2- Then if 
cr : 01 —> 02 is inertia-rigid, then the natural homomorphism S)i — > ^2 induced by 
cr is inertia-rigid. (Here, S)i is considered as a quotient of the absolute Galois group 
that is the inverse image in Gi of C 0t.) 



M, 



M, 



k(x2y 



^Xl 



^ Xl 



^X2 
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Remark 4.7. (i) Set t^, = [3^, : ai^s,)] and = : Note that 

p f and that there exists an integer > 0, such that c^i = p''*ie|^. (In the 
prime-to-characteristic case, we have t^i = and = 0.) Now, in Definition 
4.5, there must exist an integer a^^ > 0, such that e^j = p"*ie|^, or, equivalcntly, 

^xi = v'^^^ where c^^ =^ a^^^ — G Z. Moreover, set a =^ min{a;5^ | si G Sj^^}. 
Then, replacing r by and e^^ by ^""e^j = p"*i~"e|^, we may assume that 
a = 0. 

Assume, moreover, that a is proper and that we are in the profinite case. Then, 
in fact, we have c^^ = for every x\ e Xi eventuaUy, if we choose r with a = 0. 
(This follows from Theorem 4.8 below and its proof.) Thus, in the profinite case, 
we may assume e^^ = e^i in Definition 4.5 from the beginning. In the prime-to- 
characteristic case, however, it seems difficult to specify the value of e^^ a priori. 
(If we assumed e^^ = txi in the prime-to-characteristic case, then inertia-rigid 
homomorphisms would cover only tame homomorphisms K2 — > i^i-) 
(ii) In the situation of Definition 4.5, we have 

^€i/= cT(S)iJc2)i,. 

The subgroup C corresponds to a finite extension L^;^/ {K2)x2 of the 0:2- 
adic completion [K2)x2 of -^2 Thus, the residue field of Lx^ is a finite extension 
of the residue field k{x2) at X2- We have the following commutative diagram: 



> 4, 

where the vertical maps are the canonical surjections onto the maximal tame quo- 
tients, and the horizontal maps are naturally induced by cr. Further, the lower 
horizontal map, which is surjectivc, induces naturally an isomorphism — > 
by Proposition 2.1(v). Here, (resp. denotes the inertia subgroup of !D|^ 

(resp. of Wc have a natural identification ^ where is the inertia 

subgroup of (obtained via the natural identifications M^^^^^v ^ Jt^, M^L^ep ^ 
and {K2YX2 ~ -^xT)' '^hich, composed with the natural map in- 
duced by the inclusion ^x^ ^£2; c^i-th power map 211^ gt^^ 
easily verified. We define 

to be the natural isomorphism obtained by composing the natural isomorphism 
3x_^ induced by a (cf. Proposition 2.1(v)), with the above natural identifi- 

cation ^ • 

Now, the inertia-rigidity is equivalent to requiring the commutativity of the 
following diagram: 



M2 ^ M^K2)17 ^ 
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X2 



in which both vertical arrows are isomorphisms. 

Define Hom(i^'2, -fCi)^*'^ C Hom(K2,-f^i) to be the set of separable homomor- 
phisms K2 Ki. Define Hom((5i, ©2)^'''"'^^ C Hom((Si,02) to be the set of 
proper (hence continuous open), inertia-rigid homomorphisms 0i ^ 02- Our aim 
in this section is to prove the following. 

Theorem 4.8. The natural map Hom(i^2) -f^i) Hom(0i, 02)/Inn(02) induces 
a bijection 

Hom(i^2, Kiy""^ ^ Hom(0i, 02)p'''^'^"V lnn(02). 

More precisely, 

(i) 7/7 : K2 Ki is a separable homomorphism between fields, then the homomor- 

phisni 01 ^ 02 induced by ^ (up to inner automorphisms) is proper, inertia-rigid. 

(ii) // 0" : 01 — > 02 a proper, inertia-rigid homomorphism between profinite 
groups, then there exists a unique homomorphism 7 : K2 Ki of fields, such 
that 7 o a{gi) — gi o ^, for all (/i G 0i, which induces a separable homomorphism 

Remark 4.9. (i) Assume that cr : 0i — > 02 is a rigid homomorphism. Then it 
follows from Lemma 3.8(ii) that a is proper. Further, a is inertia-rigid. This can 
be reduced to the case where a is strictly rigid, and then deduced from class field 
theory as in the arguments preceding Lemma 4.12. (Note that then is bijective by 
Lemma 3.8(ii).) Thus, Theorem 4.8 can be viewed as a generalization of Theorem 
3.4. 

(n) The natural map Hom(K|"''^ Kf"'^) Hom(0i, 02)/Inn(02) induces a bijec- 
tion 

Hom(i^f''^ 'V Frob^ ^ Hom(0i, 02)P'''^""^y Inn(02). 
Indeed, this follows from Theorem 4.8, since the natural map Hom(ii'2, Ki) — > 
Hom(Kf Kl""'^) induces 

Hom(K2, Ki)^^P ^ Hom(Kf "■^^)/ Frob^ . 

The rest of this section is devoted to the proof of Theorem 4.8. 

First, to prove (i), let 7 : K2 ^ Ki he a. separable homomorphism. Then 
7 induces naturally an open injective homomorphism Gi ^ G2 (up to Inn(G2)) 
and then an open homomorphism cr : 0i — >^ 02 (up to Inn(02)). The map a is 
well-behaved with respect to the map (f) : — ^ that arises from a finite 

morphism Xi — > X2 of schemes corresponding to 7 : K2 Ki. Thus, each 
fiber of (j) is finite, hence a is proper. Next, if we define r : Mi ^ M2 to be the 
identification M^sep ^ M^sep (with respect to a suitable extension ^2*^^ ^ K^^"^ of 
7 : K2 — > Ki), then diagram (4.1) commutes with egj defined to be the ramification 
index of K1/K2 at xi. Thus, a is inertia-rigid. 

Next, to prove (ii), let a : 0i — ^ 02 be a proper, inertia-rigid homomorphism. 

Lemma 4.10. Condition 2 holds for cr : 0i ^ 02- 
Proof. Same as that of Lemma 3.6. □ 

Thus, we may apply Lemmas 2.6-2.9 to a. 

Next, let T : M\ — > M2 be the isomorphism appearing in the definition of inertia- 
rigid homomorphism, so that diagram (4.1) commutes for each xi e S^^^ and for 
some eg J e Z>o- 

28 



Lemma 4.11. (i) The isomorphism r : Mi ^ M2 is Galois- equivariant with re- 
spect to a . 

(ii) The positive integers e^^, e^^ and depend only on the image xi e of 

Xi. 

Proof, (i) For each xi G Sj^^, the commutativity of diagram (4.1), together with 

Proposition 2.1(iv), impHes that r is Galois-equivariant with respect to 

assertion then foUows, since 0i is generated by the decomposition 
subgroups for all follows from Chebotarev's density theorem. 

(ii) Take another x[ G Ej^^ above Xi G and set X2 =^ (pix'i)- Fix 7 G (5i such 
that x'l — jxi. By the Galois-equivariance property of (f) (cf. Remark 4.2(iv)), we 
have then X2 = a{'j)x2- Denote by [7] (resp. [c(7)]) the inner automorphism of 0i 
(resp. 62) induced by 7 (resp. o^{'y)). Then we have the following commutative 
diagram 



[7] 



in which both rows are isomorphisms. From this, it follows that tx[ = 
this commutative diagram induces the following commutative diagram 



Next, 



^Xl 



^X2 



[7] 



k(7)] 



in which both rows are isomorphisms. From this, it follows that t\, = c|^. Finally, 



combined with (i), this last commutative diagram also implies that eg/ = e^j. □ 

From now on, we shall write 63;^, e^i and e^^ for e^^, e^^ and e^^, respectively. 
Further, according to this, we shall write a^^, b^^ and for the invariants a^j, 
and c^^ in Remark 4.7(i), respectively. We may and shall also assume a (= 
min{oa;^ I xi G Sxi}) = (cf. Remark 4.7(i)). 

We have the following commutative diagram of exact sequences: 



- n ( n K^iV) 

X2&'^X2 Xl€(t>-'''{X2) 
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(p'),ab 



n K^2r 

X2€^X2 



^ (P'),ab 



from global class field theory. Here, the map ^'^^ 02^^ ^'^^ is naturally in- 
duced by a. The right horizontal maps are induced by Artin's reciprocity map, and 
the map Yl ( 11 ^(^^i)^) — ^ II A;(a;2)^ maps each component A;(a;i)^ 

X2e^X2 a:^ie<^~-^(a;2) 0:26^X2 

to k{x2)^ as follows. First, k{xi)^ maps isomorphically onto via the natural 
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identification induced by a (cf. Remark 4.7(ii) and Proposition 2.1(iii)). Then 

maps to k{x2)^ by the e^i-th power of the norm map. 

The above diagram induces, for each X2 € S^a) the foUowing commutative 
diagram: 

— > n k{x,r^ n 4^ 



— > k{x2r 

where the map k2 —>■ k{x2) ^ is the natural embedding, the map k^ ^ Yl k{xi)^ 

xie(p-^{x2) 

is the natural diagonal embedding, the isomorphism Yl k{xi)^ Yi ^xii 

x-s_E(t>~^{x2) x-iE4>~^{x2) 

and the map J| —>■ k{x2)^ are as above. By passing to various open sub- 

X\Q.4)-'^{X2) 

groups corresponding to extensions of the constant fields, and to the projective 
limit via the norm maps, we obtain the following commutative diagram: 



^1 e? 



^xi&4>- 



where p^^ ■ M^^a-^^sep ^ ^t;?^ is the natural isomorphism induced by a (cf. Remark 
4.7(ii) and Proposition 2.1(v)). Here, X2 G is any point above X2 and : 
is obtained as the inductive limit of 0's for various open subgroups 
corresponding to extensions of the constant fields. Observe that : S;^^ — > 
has finite fibers, since (i) (j) : — ^ has finite fibers, (ii) the projection 
E^^ Exi has finite fibers, and (iii) 4> is compatible with (f). 
This can be rewritten as: 

®x-ie4>~''-{x2)P'-^i 

Ml > ®x^e4>-^{x2)Mi ^ ®x^e4>-\x2)M2 

(4.2) 

M2 = M2 

via the natural identifications M/j(^^)sop ^ Mi (resp. M^sep M2) for xi G 
(j)~^{x2); Mfc(2;2)sep M2; and Af^fc^ep ^ M^, i = 1, 2. Thus, in diagram (4.2) 
the map Mi — > ©xi6<^-i(x2)-^i ^'^^ natural diagonal embedding, and the map 
®xie4>-Hx2)M2 M2 is the map ®xie4>-^{x2)i'^^i^- ^^^^^ denote by r' : Mi ^ 
M2 the homomorphism which is the left vertical arrow in diagram (4.2) (note that 
r' is independent of the choice of X2 G E^a)- 

Lemma 4.12. (The Product Formula) The sum X]xi6(^-i(x2) ^^1 '^^ independent of 

the choice of X2 G E^a- Set n J2xie4>-^{x2) ^ ^' ^^^'^ '"^^ /lave r' = [n] o r, 
where [n] : M2 M2 denotes the map of elevation to the power n in M2. 
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Proof. This follows from the commutativity of diagram (4.2), by observing that the 
homomorphism cr being inertia-rigid means that the isomorphism p^^ in diagram 
(4.2) equals p^^ir for all xi e 4)~^{x2)- □ 

For the rest of this section all cohomology groups will be continuous Galois 
cohomology groups, unless otherwise specified. 

The Galois-equi variant identification : M2 — * Mi induces naturally an in- 
jective homomorphism H^{(32-, M2) — > H^{(5i, Mi) between Galois cohomology 
groups. Indeed, this homomorphism fits into the following commutative diagram: 

^ H\Gk,,M2) ^ H\(32,M2) ^ H\^2,M2) 



J, J, J, 

^ H\Gk,,Mi) ^ H\(3uMi) ^ H\^i,Mi), 

in which both rows are exact and vertical maps are natural maps induced by 
{a,T~^). Here, the left vertical arrow is injective by the fact H^{Hif^, M2) = 0, 
where H^^ stands for the (isomorphic) image of Gk^ in , and the right vertical 
arrow is injective since M2 is torsion-free and [02 '■ ^''(^i)] < C)0- Therefore, the 
middle vertical arrow is also injective. 

Further, for each X2 £ Sxa; the following diagram is commutative: 



H\<5i,Mi) 



H\&2,M2) 



cief-Hx2)H^i'^Si, Ml) ®xie^-i(S2)-^H5xi,M2) 



H\3i,,M2) 



where the horizontal maps are the natural restriction maps, the left vertical map 
is the above map, the map H^{3s;2: ^2) ®xie^-^{x2)-^^(-^S:n M2) is the natural 
map induced by the inclusion ^J^i C for xi G (^"^(2^2)7 and the isomorphism 
-ff^(Ji^,Mi) ^ H^{Zxij M2) is naturally induced by the natural surjective map 
^Si ^ which is induced by (cr, t~^). 
Moreover, we have natural identifications: 

H^(Jso,,Mi) ^ Hom(Jg,, Ml) ^ Hom(j|^, Mi) ^ Hom(Mi, Mi) ^ Z^', 
H\^i„M2) ^ Hom(ax,, M2) ^ Hom(a|^, M2) ^ Hom(M2, M2) ^ Z^', 

and: 

H\3s2,M2) ^ Hom(ai,, M2) ^ Hom(a^;^, M2) ^ Hom(M2, M2) ^ Z^' . 
In light of these identifications, the above diagram can be rewritten as: 



H\(3i,Mi) 



H\(52,M2) 



ZP 
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where the vertical map — > ©^^^^-i^-^^^Z^ is the map ®xie(^-i(x2)[^Ki]' [^^i] 
denotes the map of multiphcation by e^j^ in . By considering all X2 £ Sxg, we 
obtain the following commutative diagram: 



ifi(0i,Mi) 



Div 



def 



n; 



Here, given an index set A, we define Haga^^ =^ ^m(©A6AZ/nZ). (Accordingly, 

one has ® asaZ^ C nleA ^ IlAeA » equalities hold if and only if 

tt(A) < oo.) Thus, the map Div^^ Div^^ maps X2 to Z)xie<?i-i(S2) ^^i^i' 

particular, the subgroup Divxa ^^^X2 ™^P^ ^^^^ subgroup Div^i of Div^^^i • 

Here, for z = 1,2, Divx^ =^ YiL naturally embedded into Div^. and is 

regarded as a subgroup of Div;^'.. Moreover, it follows from various constructions 

that, for i = 1,2, the image of the map H^{(3i, Mi) — > Div^ is contained in Divx^- 
Thus, we obtain the following commutative diagram: 



(4.3) 



H\(3i,Mi) 



H\(52,M2) 



def 



Div 



Divxo 



Further, for i = 1,2, set Div^j = ®a;{GEx.^) which is the group of divisors 
on Xi. Then the subgroup Divxj of Divxj maps into the subgroup Divxi = 
®a;2€Sx2 (®a;iG<;!)-i(a;2)^) of Divxi • Thus, wc havc a natural map 

Divxa Divxi • 

We will denote by Prix^ the subgroup of Divx^ which consists of principal divisors. 
Note that we have a natural map Divx^, which maps a function fi to its 

divisor div(/i) of zeros and poles. Further, Let Jx^ be the Jacobian variety of Xi. 
Let Divx- C Divxj be the group of degree zero divisors on Xi. Thus, there exists 
a natural isomorphism Divx. /Prixj = Jxiih)- Write for the kernel of the 
natural homomorphism Divx. — > Jxiiki)^' ■ Here, Jxi{kiY' stands for the maximal 
primc-to-p quotient Jxiiki) / {Jxi{ki){p}) of Jxi{ki), where, for an abelian group 
M, M{p] stands for the subgroup of torsion elements a of M of p-power order. 
Then Dx^ sits naturally in the following exact sequence: 

^ Prix, ^ Dx, ^ JxAh){p} ^ 0. 
For i G {1,2}, and a positive integer n prime to p, the Kummer exact sequence 



1 



1 
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induces a natural isomorphism 

(cf. Lemma 1.4). By passing to the projective hmit over all integers n prime to p, 
we obtain a natural isomorphism 

where {K^)^p = ^m Kf/{KfY. As we have a natural embedding ^ 
{K^)^P , we obtain a natural embedding 

In what follows we will identify with its image in H^{0i, Mi); i = 1,2. Observe 
that the natural maps — > DivXi H^{&i, Mi) DivXi compatible with 
each other, hence that the image of in Divx^, via the map H^{(5i, Mi) Divxj 
in diagram (4.3), coincides with the subgroup Prix^ of principal divisors. 

Lemma 4.13. (Recovering the Multiplicative Group) (i) The homomorphism Diy X2 

Divxi in diagram (4-3) maps into -Dxi- 

(ii) The above map H^{iS2, M2) —>■ H^{(5i, Mi) induces a natural infective (multi- 
plicative) homomorphism 

^:K--^{K-)P-'' = {Kr)x, 

where p"' is the exponent of the p-primary finite abelian group Jxi {ki){p}- We have 
[7(^2") : l{K^) n m < 00 and [^{K^) : ^{K^) n {K^)p] > 1. 

Moreover, this injective homomorphism is functorial in the following sense: Let 
^1 C 01, Sj2 C 02 be open subgroups such that cr{S)i) C Sj2, and, fori = 1,2, let 

Li/Ki be the separable extension corresponding to S)i C 0i, Yi the integral closure 
of Xi in Li, and li the constant field of Li (i.e., the algebraic closure of ki in Li). 
Then we have a commutative diagram: 

L- . {L-)P- 

> (K^F"" 

where p^ > p^ is the exponent of the p-primary finite abelian group Jyi{(-i){p} , 
and the vertical arrows are the natural embeddings. 

Proof, (i) We have the following diagram of maps: 

Divxi ^ iy2(7ri(Xi)(p'),Mi) 



DiVX2 ' H^{7Ti{X2)^P'\M2) 
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where the map Divxa ~^ Divxi induced by the map Div^j Divxi 

in diagram (4.3). For i e {1,2}, the group H'^{7i:i{Xi)^P \ Mi) denotes the second 
cohomology group of the profinite group 7ri(Xj)(P ^ with coefficients in the (contin- 
uous) 7ri(X,)(p')-module M,. 

First, we shall treat the special case that {gi >)g2 > 0. In this case, we have a 
natural isomorphism iy2(7ri(Xi)(p'), Mi) ^ H^^{Xi,Mi) (cf. [Mochizuki4] , Proposi- 
tion 1.1), where H^^{Xi, Mi) denotes the second etale cohomology group of Xi with 
coefficients in M^. In what follows we wiU identify the groups H'^{7ri{X,)^P'\ M^) 
and H^^{Xi, Mi) via the above identifications. Further, the map H^m{X2)^p'\M2)^ 
H^{tvi{Xi)^p'\Mi) is the map induced by the natural map 7ri(Xi)(p') 71i{X2)^p'^ 
between fundamental groups, which is induced by a (cf. Lemma 2.6), and the 
Galois-equivariant identification r"-^ : M2 ^ Mi. The map Divx^ H'^{ni{Xi)^P \ Mi) 
maps a divisor D to its first arithmetic (etale) Chern class ci{D), and is naturally 

["] 

induced by the Kummer exact sequence 1 — > — ^ — ^ — > 1 in etale topol- 
ogy (cf. [Mochizuki2], 4.1). In particular, the map Divx^ ^ H^{7ri{Xi)^P'\ Mi) 

factors as Div^, ^ Pic(X,)/(Jx,(A:.){p}) ^ H^7:i{X,)(p'\ M,), where Pic(X,) = 
H^^{Xi,Grn) is the Picard group of Xi. Note that the kernel of the above map 
DivXi H'^{7ri{Xi)^P \ Mi) coincides with Dxi- We claim that the above diagram 
is commutative. Thus, it induces a natural map ~^ Dx^-, as desired (in the 
case that §2 > 0). 

To prove the above claim, let X2 £ S^a- We shall investigate the images 
of X2 e Divx2 H'^{t^i{Xi)^p\Mi) under the two (composite) maps in the 
above diagram. First, consider the special case where X2 G is A;2-i'ational 

and each point of (/)~^(x2) C is /ci-rational. Then the image 01(^2) of the 
divisor X2 £ Divxa -f^^(7ri(X2)*^^ M2) coincides with the class of the exten- 
sion 1 ^ M2 ^ 7ri(L^j(f') ^ 7ri(X2)(P') ^ 1, where 7ri(L^j(f') is the geo- 
metrically prime-to-p fundamental group of the geometric line bundle 1^X2 cor- 
responding to the invcrtiblc sheaf 0x2(^2) with the zero section removed (cf. 
[MochizukiS], Lemma 4.2 and [Mochizuki2], 4.1). Further, tti (L^^ ) ''^ naturally 
identified with the maximal tame cuspidally central quotient t:i{X2 \ {2^2}) '■^ ),c-cn 
of 7ri(X2\{a;2})*-^ (cf. [MochizukiS], Lemma 4.2 (iii)). Similarly, the maximal tame 
cuspidally central quotient 7ri(Xi\(/)~^(a;2))'-^ ),c-cxi 7t-j^(Xi (a;2))*-^ gives the 
extension of 'K\{Xi)^p ^ by ®a;i€0-i(a;2)-^i ^^at corresponds to {ci{x\)) (^nc^) £ 
e^,g^-i(^,)ii'2(7ri(Xi)(f'),Mi) = ii'2(7ri(Xi)(p'),e^,e^-i(^,)Mi). Being well-behaved 
(with respect to (^), cr induces naturally a homomorphism 7ri(Xi \ 0~-^(a;2))^^ ^ — > 
7ri(X2 \ {x2})^^'\ which is a hfting of 7ri(Xi)(p') ^ tii{X2)^p''^ and which further 
induces a homomorphism t^i{Xi \ (t)~^{x2))^P ),c-cn _^ 7ri(X2 \ {x2})^^ ),c-cn_ 'pj^ggg 
homomorphisms fit into the following commutative diagram: 

1 ^ e,ie<^-i(x2)^i ^ 7ri(Xi\0-i(a;2))(^')'"^" ^ 7ri(Xi)(p') ^ 1 

J, J, J, 

1 ^ M2 ^ 7ri(X2 \{X2})(^')''=-^'^ ^ 7ri(X2)(P') ^ 1 

in which both rows are exact and the left vertical arrow is ©a;ie0-i(a;2)6a;i^; by 
the inertia-rigidity of a. The commutativity of this last diagram implies that the 
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image of the extension class of the top row (i.e., (ci(a;i))a,jg(^-i(2,2)) under the map 
iy2(7ri(Xi)(p'),©,^e^-i(,^)Mi) ^ iy2(7ri(Xi)(p'),Mi) induced by ©^,e<^-i(x,) [e,,] 
coincides with the image of the extension class of the bottom row (i.e., ci (.T2)) under 
the map H^{tvi{X2Yp'\ M2) H^{tvi{XiYp'\ Mi) induced by a and r'^ In other 
words, the image of Ci{x2) in H'^{tti{Xi)^p \ Mi) coincides with ^a-^^^-ij-a-^) exiCi{xi). 
From this follows the claim (in the special case), since the divisor X2 maps to 
Sa;i6</)-i(a;2) ^xi^i via the abovc map Divxj — Divxa- Finally, consider the gen- 
eral case where X2 may not be A;2-rational and each point of (f)~^{x2) may not be 
A;i-rational. But this is reduced to the special case by considering suitable open 
subgroups of C5j, i = 1, 2, corresponding to constant field extensions k'- of ki. (Here, 
use the fact that the natural map H^{7:i{Xi)^p'\ Mi) H^{ni{XiXk, k[Yp'\Mi) is 
injective, which follows from the injectivity of the natural map Jxi {ki) — > Jxi {,k[) = 
JxiXfe.fe^(M)-) Thus, the claim follows. 

Next, to treat the general case that we may possibly have §2 = 0, consider any 

open subgroup Sj2 of 02 and set S)i '= (J~^{S)2), which is an open subgroup of 0i. 
For each z = 1, 2, let be the cover of Xi corresponding to the open subgroup 
S)i C S5i, and £i the constant field of Yi (i.e., the algebraic closure of ki in the 
function field of Yi). Now, assume that the genus of I2 is > 0. Then it follows 
from the preceding argument that the homomorphism Divy^ Div^^j maps Dy^ 
into ■ In particular, by functoriality, the image of Dx^ in Div^a is mapped into 
C Div^j under the natural map Divxa Div^a- O^^i equivalently, the image 
of in Divxa / li^s in the kernel of Divxa / Dx2 Divyg / Dy2 ■ This last 
map is identified with the natural map Picxj /(-^Xa (^2){p}) Picyi /('^i2 (^2){p}) 
induced by the pull-back of line bundles. Thus, by considering the norm map, we 
see that the kernel in question is killed by the degree [02 : -^2] of the cover 12—^-^2, 
hence so is the image of Dxi in Divxa / Dx2 ■ 

Observe that the greatest common divisor of [02 '■ ^2], where S)2 runs over 
all open subgroups of 02 such that the corresponding cover has genus > 0, is 
1. (Indeed, if g2 > 0, this is trivial, and, if ^2 = 0, this follows, for example, 
from Kummer theory.) Thus, the image of Dx^ in Div^a /Dx2 niust be trivial, as 
desired. 

(ii) For i = 1,2, let Dx^ denote the inverse image of Dx^ C Divx^ (c DivxJ 
in H^[(5i, Mi). It follows from (i) and the commutativity of diagram (4.3) that 
the natural injective homomorphism H^{(52, M2) ^ H^{(Si, Mi) induces a natural 
injective homomorphism Dx2 ^ Dx^ ■ Since is the inverse image of Prix^ C 
Divx, in H'^i^i^Mi) (cf. [Mochizuki4] , Proposition 2.1(u)), we have DxjKf ^ 
DxJ Picixi — * Jxi{ki){p}. Thus, the above injective homomorphism Dx2 ^ Dx^ 
induces {K^)^^^ ^ , or, equivalently, ^ {Ki)p~" . 

Since 7(^2^)7(7(^2^) nKf) is injectively mapped into DxjK^ ^ JxA^ijip], 
which is finite, 7(-ftr^)ni^;f is of finite index in 7(K^). Next, suppose that 7(iir^) = 
7(/l'2^) n {K^)P, or, equivalently, 7(i^2^) C {K^)p ■ By the assumption that a = 0, 
there exists an xi e such that Sx-^^ = e^^. In particular, then is prime to 

p. Set X2 =^ £ and take any g e K2 such that orda;2(^) = 1. Then, 

by the commutativity of diagram (4.3), we have ordx^^ijig)) = Cx^ ordx2ig) — Gx^^, 
which is prime to p. On the other hand, since ^{g) e {K^)p, orda;^ (7(5f)) must be 
divisible by p, which is absurd. 

Finally, the desired commutativity of diagram follows easily from the functori- 
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ality of Kummer theory. □ 



Next, let xi E and set X2 =^ (pixi) E S^a- Then (by choosing xi G 
above xi and X2 E above X2 such that 0(xi) = X2) we have the foUowing 
natural commutative diagram: 

T T T 

H\i32,M2) ^ H\^s„M2) ^ H\3s„M2), 

where the horizontal arrows are natural restriction maps and the vertical arrows 
are induced by (a, r~^). By Kummer theory, this diagram can be identified with 
the following natural commutative diagram: 

(4.4) T T T 



where the left horizontal arrows in the two rows arise from natural field homo- 
morphisms Ki — > {Ki)^^ and K2 — > {K2)x2 vertical arrows are induced 

by (a,r-i). Further, the kernels of ((Ki)^J^p' W and ((i^2)xj^^' 

ZP' are naturally identified with iyi(G'fe(^^), Mi) = (A;(xi)^)^p' = k{xxY and 
H^{Gk{x^^, M2) = (A;(a;2)^)^^ = A;(x2)^, respectively. Thus, in particular, the 
above homomorphism ((^"2)^2)^^' ~^ ii^i-)xi)^^' induces naturally a homomor- 
phism Lx-^ : k{x2) ^ k{xi)^ that is identified with the homomorphism H^{Gk(^x2)j -^2) 
H^{Gk(xi)T Ml) induced by (a, r~^). Here, the last homomorphism is injcctivc by 
the fact H^{H^j.^^, M2) = 0, where H^^f^^.^-^ stands for the (isomorphic) image of 
Gfc(xi) in Gk{x2)^ which is open in Gk(^^). 

We have two natural field homomorphisms Ki Kf : the first one is a natural 

— n 

embedding i : Ki ^ of degree p"^ and the second one is the isomorphism 

j : Ki induced by the p~"-th power map. According to these we obtain 

two scheme morphisms X\ Xi, where Xf stands for the integral closure of 

Xi in . First, for closed points, these two morphisms give the same bijection 

TT : T, p-ri ^ Sxi- So, let Xi E Sxi and set =^ 'n:~^{xi). The two field 

homomorphism i and j induce two isomorphisms k{xi) k{x\ ) of residue fields, 
which we shall denote by i{xi) and j(xi), respectively. Then we have i{xi) = 
F"oj (xi), where F stands for the p-th power Frobenius map. Now, for valuations of 
functions, we have ord^^-n oi = ovdx^ and ord^p-« oj = orda;^. Finally, for values 

— n — n 

of functions, we have i{f){x^ ) = i{xi){f{xi)) and 3{f){x\ ) — j{xi){f{xi)) for 

each / E with orda;^(/) > 0. Thus, in particular, i{f){x\ ) — j{f){x\ Y . 
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Lemma 4.14. Let 7 : K2 ^ i^i)^ " be the injective homomorphism in Lemma 
4.13. Let xi € TiXi and set X2 =^0(a;i) e Sx2- Then: 

(i) For each g e K2 , we have OTd^p-n{'y{g)) = p'^Cx^ oidx^ig)- (Namely, 7 is 



order-preserving with respect tt ^ o cj). See Definition 5.1.) 

(ii) For each g G K2 with orda;2(^) = 0, we have {^{g)){xi ) = i{xi){Lxi{g{x2))) . 
(Namely, 7 is value-preserving with respect tt~^ o and {i{xi) o ij,^} ^-^ 

^1 ^E rt — ^ 

See Definition 5.2.) 

Proof, (i) and (ii) follow immediately from the commutativity of diagrams (4.3) 
and (4.4). □ 

Fix a prime number I ^ p. For each i = 1,2, let kl be the (unique) Z/-extension 

of ki, set KI =^ Kikl, and write X| for the normalization of in (Thus, 
Xl — Xi k^.) Then the p-primary abelian subgroup Jxi{kl){p} of JxAM) 
finite for i = 1,2. (See, e.g., [Rosen], Theorem 11.6, or, alternatively, [ST], Proof 
of Theorem 3.7.) So, write p"'° for the exponent of Jxi{k{){p}. By passing to the 
limit over the finite extensions of ki contained in kl for i = 1,2 (cf. Lemma 4.13(ii)), 

we get a natural embedding (i^2)^ ^ ((-^1)^)^ "°- Now, we shall apply a result 
from §5. (Observe that there are no vicious circles since the discussion of §5 does 
not depend on the contents of earlier sections.) More specifically, by Lemma 4.14 
and Proposition 5.3, the above embedding (^^2)^ ^ ° arises from an 

(a uniquely determined) embedding K2 ^ {K[)^ ° of fields. This embedding of 
fields restricts to the original embedding of multiplicative groups K2 ^ {K^Y ". 
Thus, we conclude that this original embedding also arises from an (a uniquely 

determined) embedding K2 "— > of fields. 

Define the subfields K2 z:) K2 z:) K2 to be the inverse images of the subfields 

K'[ D -fCi D Kl in K2. By Lemma 4.13(ii), there exists a finite subset S d K2 
such that K2 = Ua6S-^2'^- As K2 is an infinite field, this implies that K2 is 
also an infinite field and that K2 must be of dimension 1 as a iir2-vector space. 

— n 

Namely, K2 = K'2, or, equivalently, the above field homomorphism K2 ^ 
induces a field homomorphism 7 : K2 ^ Ki. Next, again by Lemma 4.13(ii), we 
have [K2 : (K!^)^] > 1, i. e., K2 2 ^2- Equivalently, the field homomorphism 
K2 ^ Kl is separable. 

Passing to the open subgroups i^i C i^2 C <&2 with a{S^i) C Sj2 and applying 
the above arguments to i^i ^^2, we obtain naturally a (separable) field homomor- 
phism 7 : K2 Kl which restricts to the above (separable) field homomorphism 
K2^Ki. 

Lemma 4.15. (Compatibility with the Galois Action) Let gi e <di, and let g2 =^ 
a((7i) G 02 ■ Then the following diagram is commutative: 

k2 kl 



32 



51 



k2 kl. 



Proof. Let Sj2 C 02 be an open normal subgroup and set Sji = a ^(^32), which 
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is an open normal subgroup of 0i. For i = 1,2, let Fi/Ki be the finite Galois 
sub-extension of Ki/Ki corresponding to C 0^, and denote by Yi the integral 
closure of Xj in Fj. We have commutative diagrams: 



92 



91 



where gi : H^{S^i, Mi) — > H^{S^i, Mi) denotes the automorphism induced by the 
action of gi on Sji, and the horizontal maps are naturally induced by (ex, t~^) (cf. 
Lemma 4.11(i)), and: 

Divyj > DivYi 



92 



91 



Divy, 



Divy, 



where the map gi : Divy. — ^ Divy. is the automorphism naturally induced by the 
action of gi on Yi (cf. Remark 4.2(iv)). Further, the above diagrams commute with 
each other, via the maps H^(f)i, Mi) Divy. in diagram (4.3) for i = 1, 2. Note 
that in the above diagrams the map gi : H^{S^i^Mi) — > {Sji, Mi) restricted to 
coincides with the automorphism gi : — > F^ . Therefore, we deduce the 
following commutative diagram: 



F2 



92 



91 



The assertion follows from this. □ 



F- 



Finally, we shall prove the uniqueness of the field homomorphism 7 : K2 — > i^i 
that is Galois-compatible with respect to a and restricts to a separable homomor- 
phism K2 — > Ki. In the profinite case, this uniqueness follows formally from the 
uniqueness in the assertion of the Isom-form proved in [Uchida2] , as in the case of 
rigid homomorphisms in §3. (Observe that 7 : — > is then an isomorphism.) 
In general, however, we need some arguments which are not entirely formal, as 
follows. 

So, Let 7' : K2 Ki be another such field homomorphism. The field homo- 
morphisms 7 and 7' induce field isomorphisms k2 ki, say, 7 and 7', respectively, 
which are Galois-compatible with respect to a. We may write 7' = (^i o 7 for 
some q: e Z, where (pi e Gal(fci/Fp) stands for the p-th. power Frobenius element. 
Further, the isomorphisms 7 and 7' induce -module isomorphisms M2 —>■ Mi, 
say, and (t')~^, respectively, which are Galois-compatible with respect to cr. 
Thus, we have (t')~^ = [p"] o t~^. By Kummer theory, we have the following 
commutative diagrams: 



H\(5i,Mi] 



7? 



H\(&2,M2), 
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and: 



ft T(^,(r')-^) 

Thus, for each g e K2 , we have Y{g) = 'jigY" in {K^)^^' . Since both 7 and 7' 
are field homomorphisms, we deduce e Q>o, by taking a non-constant function 
g and considering valuations at suitable points. Thus, a G Z. Exchanging 7 and 7' 
if necessary, we may assume that a > 0. Thus, 7' = 07, where F stands for the 
p-th power Frobenius map. Since 7' is separable, we conclude a = 0, hence 7' — 7. 
Passing to the open subgroups i5i C 61, i52 C 02 with cr{S)i) C Sj2, we conclude 
that 7 : K2 Ki is unique. 

Thus, the proof of Theorem 4.8 is completed. □ 

§5. Recovering the additive structure. 

This section is devoted to the proof of Proposition 5.3, used in the proof of 
Theorem 4.8 in §4. We shall first axiomatize the set-up. We will use the following 
notations. For i e {1,2}, let Xi be a proper, smooth, geometrically connected 
curve over a field ki of characteristic Pi >0. Let Ki = be the function field of 
Xj, and the set of closed points of Xi. Let 

be an embedding between multiplicative groups, which we extend to an embedding 
L : K2 ^ Ki between multiplicative monoids by setting i(0) = 0. We assume that 
we are given a map 

which has finite fibers, i.e., for any X2 € X2, the inverse image (f)~^{x2) C is a 
finite set. 

Definition 5.1. (Order-Preserving Maps) The map l : K2 — > Ki is called order- 
preserving with respect to the map 0, if for any X2 € and any xi G 0~^(x2), 
there exists positive integers ex^x2 > such that the following diagram commutes: 

K-, ZU{oo} 
ZU{oo} 

Here, [caj^ajj] denotes the map of multiplication by 6x^x2 i^ which we extend 
naturally to Z U {cxd} by mapping 00 to 00. 

Next, we assume that the map t : K2 Ki is order- preserving with respect to 
the map : S^i • Further, we assume that we are given an embedding 

1^x1x2 ■ k{x2)^ ^ k{xi)^ 

between multiplicative groups for any X2 G and any xi E (j)~^{x2)- 
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Definition 5.2. (Value-Preserving Maps) The map i : K2 ^ Ki is called value- 
preserving with respect to the map (p and the embeddings {/-xiX2}(ki,k2)' where 
(xi, X2) runs over all pairs of points X2 G and Xi G (j)~^{x2), if for any /2 G K2 
and any point X2 G such that X2 n Suppdiv(/2) = 0, the following equality 
holds: 

where f2{x2) (resp. t(/2)(a;i)) denotes the value of /2 at a;2 (resp. the value of i{f2) 
at a;i). 

Note that if t : K2 i^i is value-preserving, it particularly fits into the following 
commutative diagram: 

k{x2y Hx^y 

where the vertical maps are the natural embeddings. (Observe that l maps k2 into 
ki, by the order-preserving assumption.) 

Proposition 5.3. (Recovering the Additive Structure) Assume that the embedding 

i : K2 ^ Ki is order-preserving with respect to the map cj), and value-preserving 
with respect to the map (j) and the embeddings {1^x1x2} {xi,x2)> where the pair {xi,X2) 
runs over all points X2 G o-nd xi G (f)~^{x2)- Assume further that X2{k2) is an 
infinite set. Then the map t is additive (hence, a homomorphism of fields). 

Proof. First, we shall prove that i~^{ki) = /c2- (Namely, / G K2 is constant if and 

only if i[f) G Ki is constant.) Indeed, set F2 =^ i~^{ki). Note that kf coincides 
with the set of functions in with neither zeroes nor poles (or, equivalently, 
with no poles) anywhere in Sx^- Now, by the order-preserving property of t, 
F2 \ {0} coincides with the set of functions in K2 with neither zeroes nor poles 
(or, equivalently, with no poles) in (^(ExJ C E^a- It follows easily from this 
characterization that F2 is a subfield of K2 containing /c2. Since K2 is a function 
field of one variable over k2 and since /c2 is algebraically closed in ^2, we have 
either F2 = ^2 or that F2 is also a function field of one variable over k2. Suppose 
the latter, and let W2 be the (proper, smooth, geometrically connected) curve over 
k2 with function field F2. Take any point xi G Exj and let w G E^^a be the image 

of xi under the composite map Ex^ Exa E;^/^, where the second map arises 
from the cover X2 W2 corresponding to the extension L2/F2. Now, by the 
Riemann-Roch theorem, there exists a function f E F2 having a pole at w. By the 
order-preserving property of t, the function i{f) G Ki must have a pole at xi. This 
contradicts the definition of F2. Therefore, we must have F2 = k2, as desired. 

Next, we shall prove that (p '■ Exi Exa is surjective. Indeed, suppose otherwise 
and take X2 G Exa \ </'(Exi) 7^ 0- By the Riemann-Roch theorem, there exists a 
non-constant function / G K2 such that the pole divisor of / is supported on 
X2 G Exa- Then, by the order-preserving property of l, the function <,(/) G Ki 
admits no poles, hence i(/) G ki. As i~^{ki) = k2, we thus have / G k2, which is 
absurd. 

The rest of the proof is similar to the proof of Proposition 4.4 in [ST], where 
is a bijection. We shall first prove that l restricted to k2 is additive. Again 
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by the Riemann-Roch theorem, there exists a non-constant function / e K2 such 

that the pole divisor div(/)oo of / is supported on a unique point X2 G S^a^ 
div(/)oo = nx2-, n > 0. For a non-zero constant a G A;2 wc shall analyze the divisor 
of the function i{f + a) — i{f)- We claim that Suppdiv(z,(/ + «) — '-(/)) C (j)~^{x2)- 

def 

Indeed, if yi G is such that 1/2 = 4>{yi) ^ X2^ then ordyj(t(/ + a)) > 0, and 
ordy^(t(/)) > 0. Moreover, L{f + a){yi) 7^ i{f){yi), as follows from the value- 
preserving assumption, since (/ + a)(yi) 7^ fivi)- Thus, yi ^ Suppdiv(i(/ + a) — 

and our claim follows. Further, if xi G (t>~'^{x2) is a pole of i(/ + a) — 
we have | ordxi(t(/ + a) — '-(/)) | < ^^Cxi^a- We deduce easily from this that there 
are only finitely many possibilities for the divisor div(t(/ + a) — Since /c2 

is infinite (as X2{k2) is infinite), there exists an infinite subset A C k2 such that 
div(i(/ -I- a) — is constant, for all a e A. 

Let a ^ (3 be elements of A. Thus, div(t(/ + a) - = div(i(/ + (3)- /-(/)), 
which implies that ^|j^f^Z^|jj = c E . Observe that i{f + a) — i{f) 7^ 0, by 

the injectivity of i. Further, c = as is easily seen by evaluating the function 

^(j4^Q)Z^(f) ^-t a zero of the non-constant function Thus, we have the equality 
-\- a) — i{f)) = i{a){i{f + (3) — which is equivalent to 

(*) - = <ocXf + /?) - L{P)i{f + a) 

Let g =^ {!f-^p)f ~ ^^\a-p) ^ • Note that ^ is a non-constant function, since / is 
non-constant. Wehaveg+1 = |^ + (^ = = By dividing the 

above equality (*) by .(a - mf) ^ 0, we obtain = ^^"^^^^j^l^ffff • 

Thus, = ^gli^ - which equals + 1) - Further, 

'^^Ua^^)^ = 1, as follows by evaluating the function t(gf -|- 1) — ^(gf) at a zero of the 
non-constant function i{g). Thus, 

tig + 1) ^ i{g) + 1. 

Take any C, E k2- Then, evaluating this equation at a zero of i{g — C)? we obtain 
+ 1) = i{C) + 1- Now, for any ^, ry G ^2, we have + v) — '-(O + ^iv)- Indeed, 
if ?7 = 0, this follows from l{0) = 0. If 7^ 0, we have 



^ / V 
Thus, i|fc2 is additive. 

From this it follows easily that i itself is additive. Indeed, let h and / be any 
elements of i^2, and let us prove i{h-\-l) — i{h) -\- Take any X2 G X2{k2) which 
is neither a pole of h nor a pole of I. Then, evaluating at any xi G (/)~^(a;2), we 
obtain 

{i{h + l)){x^) = {{h + l){x2)) 

= ix^x2{h{x2) + 1{X2)) 
= i{h{x2) + 1{X2)) 
= i{h{x2)) + i{l{x2)) 

= W/i))(a;i) + W/))(a;i) 
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where the first and the sixth equahties foUow from the value-preserving property, 
the second and the last equalities follow from the additivity of the evaluation maps, 
the third and the fifth equalities follow from the value-preserving property and the 
fact that h{x2),l{x2) G /c2 (as X2 G X2(/c2)), and the fourth equality follows from 
the additivity of i\k2- Now, since there are infinitely many such xi by assumption, 
the equality L{h + I) = L{h) + must hold. Thus, the assertion is proved. □ 
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